Elliptic Curves - Coursework 1

Due 15 November

You can earn at most 5 points. Choose a combination that adds up to 5.

1) (1 point) Prove that a p-adic number a € Q, is in Q if and only if it has an eventually
periodic expansion, that is, there exists some N and s such that a; = a;45 for all ¢ > N.

2) (1 point) Let n be a positive integer. Then n can be represented as a sum of four squares
of integers:
n:u%—i—u%—i—u%—i—ui, U1, U2, U3, Us € 2.

(Hint) One can suppose n = p a prime (product of two sums of four squares is a sum of four
squares). Let a,b be integers such that a® + > +1 = 0 (mod p). Consider a lattice A C Z*
consisting of integers (u1, ug, u3, us) such that

up = auz +buy (mod p) and wug = bug —aug (mod p)

3) (1 point) Consider the cubic curve C' : X3 +2Y3 + 423 — 7XY Z = 0. Show that none of
the inflection points of C' are defined over Q. Using Nagell’s algorithm transform C' into the
Weierstrass form. Express the transformation as a birational map ¢ : P> — P2. Can you find
the base locus B(¢) N C of your transformation? To which points do these map to under the
isomorphism induced by ¢?

4) (2 points) (i) Show that the intersection of two quadric surfaces, that is, the simultaneous
solutions to two homogeneous equations of degree 2 in 4 variables, can be put in the Weierstrass
form, if a smooth point is known.

(ii) Show that the group law on
X2=Yy?2_712 Z2=Y?4+1?
with (1,1,1,0) as neutral element is given by x3 = x; + x2 where

T3 = xatoy121 — T1t1Y222
Y3 = Yata21T1 — Y1t12222
z3 = zolax1y1 — z1t1T2Y2

29 292 29 29 29 29
t3 = tox] — tixy = tayy — t1yy = t32] — 112



5) (2 points) Suppose that P = (x,y) is a point on the cubic curve
v =234+ ax’ + bz +c
(i) Show that the z-coordinate of the point 2P is given by the formula

xt — 2022 — 8cx + b2 — dac

2P) =
z(2P) 423 4+ 4dax? + 4bzx + 4c

(ii) Derive a similar formula for the y-coordinate of 2P in terms of x and y.

(iii) Find a polynomial in = whose roots are the z-coordinates of the P = (x,y) satisfying
3P = O. (Hint. Use the equivalent condition 2P = —P.)

(iv) For the particular curve y? = 23 + 1, find all the points satisfying 3P = O. Note that you
will need complex numbers.



