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ABSTRACT. We show that the base spaces of the semiuniversal unfoldings of some
weighted homogeneous singularities can be identified with moduli spaces of A,.-structures
on the trivial extension algebras of the endomorphism algebras of the tilting objects. The
same algebras also appear in the Fukaya categories of their mirrors. Based on these iden-
tifications, we discuss applications to homological mirror symmetry for Milnor fibers, and
give a proof of homological mirror symmetry for an n-dimensional affine hypersurface of
degree n 4+ 2 and the double cover of the n-dimensional affine space branched along a
degree 2n + 2 hypersurface. Along the way, we also give a proof of a conjecture of Seidel
from [71] which may be of independent interest.

1. INTRODUCTION

1.1. Moduli of elliptic curves. Our basic starting point is an algebraic variety with an
isolated singularity admitting a G,,-action. The primordial example is the cusp singularity

defined by
{(z,y) € A’ | w(z,y) =2*+y* =0}. (1.1)

The main construction that we study in this paper originates from [47], where the case of
the cusp singularity was studied in detail. We recall this construction in order to ease the
reader to our topic before discussing higher-dimensional singularities with a G,-action.

The cuspidal curve (1.1)) has a G,,-action given by ¢ - (z,y) = (t*z,t3y). Thus the coordi-
nate ring gets a grading with deg(x) = 2 and deg(y) = 3. It can be compactified to the
projective cone

{lx1y:2]€P(2,3,1) | w(z,y) =0} (1.2)
by adding one point.
The semiuniversal unfolding of w is given by

W (T, y; g, ug) = 2 + y* + ugw + ug, (1.3)
whose homogenization

W(z,y, 2 us,u6) = &° + y* + ugwz" + ug2" (1.4)
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defines the Weierstrass family 7y: ) — U = Speck]uy, ug] of curves in P(2,3,1). Each
curve Y, := ), (u) is of arithmetic genus 1 and comes with a point p = {z = 0} at
infinity and a section

zdx N dy

W(x,y, z, uy, ug)

Q, = Res (1.5)

of the dualizing sheaf, which is given by dz/W, = —dy/W, on the affine part. The
G -action extends to the compactified family by
te-([o:y:2)ug,ug) = ([P : Py 2]; truy, tPusg) (1.6)
= ([ZL’ Y- t_lz]; t4U4, t6u6)7

which preserves the section z = 0 and satisfies

t*(Qp) = 71Q. (1.8)
The curves Y, are elliptic curves outside the discriminant
A= {(us,ug) € U | 4uj — 27ug =0} . (1.9)

If w € A\ O, then Y, is a rational curve with a single ordinary double point. Note that
all curves above a G,-orbit are isomorphic.

The base space U can be identified with the moduli space of triples (Y, p, ) consisting of
a reduced connected curve Y of arithmetic genus 1, a smooth marked point p on Y such
that h°(Oy(p)) = 1 and Oy (p) is ample, and a non-zero section 2 of the dualizing sheaf
of Y (see [49, Theorem 1.4.2]). Furthermore, we have an isomorphism

M = [(UN0)/Gu] (2 P(4,6)) (1.10)

with the moduli stack of stable curves of genus one with one marked point.

1.2. Moduli of A.-structures. The condition that Oy, (p) is ample is equivalent to
8y = Oy, ® O, (1.11)

being a generator of the perfect derived category perfY,. On the other hand, the fact
that h°(Oy, (p)) = 1 implies that the isomorphism class of the Yoneda algebra

A= End (8,) (1.12)

as a graded algebra is independent of u € U. Indeed, it is easy to show that for any wu,
there is a canonical isomorphism (where we use the fixed basis Q, of H° (wy,)) between
A and the degree one trivial extension algebra of the path algebra of the As-quiver. More
concretely, this is given by the quiver with relations given in Figure [1.1

u
12

« lu| =0, |v| =1, vvu=vuv =0

FicUrE 1.1. Quiver algebra description of A
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Thus, considering the algebra A results in a dramatic loss of information hidden in perf Y,
even though 8, is a generator. This is, of course, no surprise as we have forgotten to derive.
Recall that an A,-algebra A over k is a graded k-module with a collection (Md)z; of
k-linear maps p: A®? — A[2 — d] satisfying the A,-associativity equations

Z(—l)|“1|+'“+|“"|_"ud_m+1(ad, ey Qg 1y W (@« oy Gpg1), Gy - ap) = 0. (1.13)

In particular, u': A — A[1] is a differential, i.e. u' o ' = 0, and the product

as - ap = (=1)141 % (ay, a) (1.14)
on A is associative up to homotopy.

A minimal A-structure on a graded associative k-algebra A is an A -structure (u*)2,
on the graded vector space underlying A such that u! = 0 and p? coincides with the given
product on A. It is said to be formal if u* = 0 for k > 2.

Recall that the Hochschild cochain complex of a graded algebra A has a bigrading, where
CC"™*(A), consists of maps A®" — A[s]. The space of first-order deformations of A as
a graded algebra is given by HH?(A),, and deformations to minimal A.-structures on A
without changing 2 is controlled by HH?*(A) - == @:°, HH*(A)_;. Moreover, if HH'(A4) o
vanishes, then [65, Corollary 3.2.5] shows that the functor sending a k-algebra R to the
set of gauge equivalence classes of minimal A..-structures on A ® R is represented by an
affine scheme U, (A), which is of finite type if dim HH?(A).y < co. There is a natural
Gm-action on Uy (A) given by

Gum3t: (u) o, — (t"2u"),. (1.15)

and the formal A, structure on A is the fixed point of this action.

Returning back to the Weierstrass family, as explained in [48], the natural dg enhancement
end(8) of End(8) gives a family A of minimal A,-structures on A over U, and hence a
morphism

U — Us(A). (1.16)

We recall the following theorem from [48]. For simplicity, we state it over a field k with
chark # 2, 3, see [48] for a more general statement.

Theorem 1.1. If chark # 2,3, then (1.16) is a Gy-equivariant isomorphism, sending

the cuspidal curve Yy to the formal Ao -structure on A.

There are two main ingredients that enter in the proof of this result:

(i) The formality of the A -algebra Ag for the cuspidal curve Yj.
(ii) One has HH'(A) = 0, so that U, (A) is an affine scheme, and

HH?(A)<o = k(4) © k(6), (1.17)

so that (|1.16]) induces an isomorphism on tangent spaces at the fixed points of the
G,-action.
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Here ([1.17) means that HH?*(A), = k for s = —4, —6 and zero otherwise.

The Hochschild cohomology computation is done in two different ways in [47] and [48].
We will give yet another way in Section [3.4] below.

To elaborate on , first one shows the existence of a chain level Gy-action by taking
the Cech complex with respect to a G-invariant affine cover. This gives a dg model for
Ap. Then, one arranges a Gy,-equivariant homotopy to a minimal A..-structure, which
follows from the fact that one can choose chain level representatives of a basis of End(8)
in such a way that each of them is in a one-dimensional representation of G,,. Finally,
to deduce formality, one shows that the weight of the G,,-action on End(8,) agrees with
the cohomological grading. But u? lowers the cohomological degree by d — 2, so any
Gu-equivariant A..-structure must have vanishing pu? for d # 2.

Other examples of the above construction were subsequently studied in [65] [49], but all
of these work with examples in dimension one. In this paper, we begin to explore higher
dimensions.

1.3. Application to homological mirror symmetry. Let V be a once-punctured torus
viewed as a Weinstein manifold, and

Z={lx:y:2] €P2,3,1) | 2>+ 3>+ zyz =0} (1.18)

be a rational curve with a single ordinary double point. Theorem [1.1| was obtained in [4§]
as a tool for proving a quasi-equivalence

F (V) ~perfZz (1.19)

of pretriangulated A..-categories over Z of the split-closed derived Fukaya category of
compact exact Lagrangians in V' and the perfect derived category of Z. The strategy is
first to identify generators on both sides, and then match their endomorphism algebras
as A, -algebras. It is often difficult to explicitly compute such A.-algebras, but even
if one does, finding a quasi-isomorphism between two different chain models is usually
a hard task. The computation of cohomology level structures (and matching them) is
much easier, and knowing the moduli of A..-structures allows one to appeal to indirect
methods to conclude the proof of the existence of a chain level isomorphism. Such a
strategy was applied also for proving homological mirror symmetry in a number of other
cases in dimension one. Namely, in [49] a class of curve singularities C ,, for n > 1 were
considered, where (' ; is the cuspidal curve, C'; 5 is tacnodal curve given by the equation
y* = ya?, and O}, is the elliptic n-fold singularity given by n lines in A", These are all
the Gorenstein singularities of arithmetic genus one [70, Appendix A]. Carrying out the
above strategy has led to a proof of homological mirror symmetry for n-punctured tori
[50].

The equivalence (|1.19)) is an instance of homological mirror symmetry at the large volume
limit. The equivalence is known to extend to a formal neighborhood of this limit to give
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an equivalence
F (V) ~perfy (1.20)

over Z [q] where Y is the compactification of V' and Y is the Tate elliptic curve, a formal
neighborhood of the nodal curve Z (see [48] for a proof). A general strategy for proving
homological mirror symmetry as in introduced in [71] is to view the categories in
as deformations of the categories given in (|1.19). Hence, in this context deduc-
ing homological mirror symmetry for the compact manifold Y from homological mirror
symmetry for the Weinstein manifold V' ultimately reduces to a problem in deformation
theory.

1.4. New results and a general conjectural picture. In this paper, we lay out a
program that aims to extend the above results to higher dimensions, leading to new
homological mirror symmetry conjectures for higher-dimensional Calabi—Yau manifolds
at the large volume limit and in its formal neighborhood. It is based on the relation
between homological mirror symmetry for Calabi—Yau manifolds and homological mirror
symmetry for singularities, which goes back to |44} 58|, 81].

A weighted homogeneous polynomial w € C[zy, ..., x,] with an isolated critical point at
the origin is invertible if there is an integer matrix A = (a;;);—; with non-zero determinant
such that
n n
w=> [[=" (1.21)
i=1 j=1

The corresponding weight system (dy, ..., dy; h) satisfying ged(dy, . .., d,, h) = 1 is deter-
mined uniquely. (See the beginning of Section [2| for the definition of a weight system.)

The transpose of w is defined in [10] as

W = iﬁx] (1.22)

i=1 j=1
whose exponent matrix A is the transpose matrix of A. We write (dl, do, ..., dy; v) for
the weight system associated with w.
The group

Ty = {(t1, ..., tn) € (Gp)™ | t917 -+ t0n = ... = fn1 ... f0nn} (1.23)

acts naturally on A™. One has a homomorphism ¢: G, — ['y sending t € Gy, to
(t41,...,t%) € DIy. Let mf ([A"/I'y],w) be the idempotent completion of the dg cat-
egory of I'w-equivariant matrix factorizations of w.

Homological mirror symmetry conjecture for invertible polynomials is the following:

Conjecture 1.2. For any invertible polynomial w, one has a quasi-equivalence
mf ([A"/Iy], w) ~ W(W). (1.24)
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Here W(w) is the partially wrapped Fukaya category of w, which is quasi-equivalent to the
Fukaya—Seidel category of (a Morsification of) w. Conjecture is stated for Brieskorn—
Pham singularities in 3 variables in [80], for polynomials in 3 variables associated with
a regular system of weights of dual type in the sense of Saito in [78] (with a prototype
appearing earlier in [77]), and for invertible polynomials in 3 variables in [21]. It is proved
for n = 2 in [36], and for Sebastiani-Thom sums of polynomials of type A and D in
27, 28].

The conjecture that mf ([A"/T'y],w) has a full exceptional collection, which is implied
by Conjecture [1.2] is stated in [38, Conjecture 1.4], and proved in [25].

The following conjecture is stated for n = 3 in [21]:

Conjecture 1.3. For any invertible polynomial w, the category mf ([A"/I'y],w) has a
tilting object.

A slightly stronger conjecture that mf ([A"/T'y], w) has a full strong exceptional collec-
tion, stated in [38, Conjecture 1.2], is known for n < 3 by [45], and for a class of invertible
polynomials called of chain type by [3§].

In view of [63, Theorem 16], one may also ask whether for an invertible polynomial w,
the derived category of coherent sheaves on the stack

X = [((SpecCla, . .., 0]/ (w)) \ 0)/T] (1.25)

has a tilting object. If w is of Brieskorn—Pham type, then X, has a full strong exceptional
collection of line bundles [39]. Note that X, is always a smooth proper rational stack of
Picard number one. It is known that for a smooth proper toric Deligne-Mumford stack of
Picard number at most two, there exists a full strong exceptional collection of line bundles
[12]. On the other hand, the stack X, does not have a full strong exceptional collection
of line bundles in general — a counterexample was given in [26].

We write (the Liouville completion of) the Milnor fiber of W as
Ve =w (1) ={(z,...,2,) €C" | W =1}. (1.26)

The main conjecture that we introduce in this paper is the following:

Conjecture 1.4. For any invertible polynomial w, one has a quasi-equivalence

mf ([A"™/Dy] W+ a0 2,) @ W (VW) . (1.27)
The affine variety Vi is log Fano, log Calabi-Yau, or of log general type depending on
whether dy == 5_2?21 d; is negative, zero, or positive respectively. In dimension 2, the log
Fano case corresponds to simple singularities which have a well-known ADE classification.
Fukaya categories of their Milnor fiber are identified in [23| 24] with module categories of
the corresponding (derived) preprojective algebras, and Conjecture is proved in [52].
The log Calabi-Yau case follows from homological mirror symmetry for the wrapped
Fukaya categories of the Milnor fibers of hypersurface cusp singularities proved in [41] by



MODULI OF A.-STRUCTURES 7

a variation of Orlov’s theorem. In this paper, we almost exclusively concentrate on the
case of log general type. See e.g. [82, Section 2] for more on this trichotomy in dimension
2.

In the log general type case, Orlov’s theorem gives an equivalence of the left hand side of
(1.27) with the derived category coh Z, of coherent sheaves on

Zw = [(SpecClxq, ..., z,) /(W + zoz1 - - - 2,) \ 0) /], (1.28)
where the action of I'y, comes from the identification
I, =~ (to’t17...,tn)€(Gm)n+1‘t(fll.”tglln:..':ttllnl...tznn:totl n } (1.29)

Recall that an object X of coh Z on a proper stack Z is perfect if and only if it is Ext-finite,
i.e., the dimension of @, ., Hom"(X,Y") is finite for any object Y. It is reasonable to expect

that the full subcategory of the wrapped Fukaya category W (Vw) consisting of Ext-finite

objects is equivalent to the compact Fukaya category F (VW), so that Conjecture
would imply

perf 2y ~ F (Vi) . (1.30)

The first instance of an equivalence of this form was obtained in [47] for w = 23 + 23 and
recently Habermann proved this equivalence when w is an arbitrary invertible polynomial
of two variables [37].

The way that the wrapped Floer cohomology can be infinite depends on the sign of dy;
it can be infinite in the negative cohomological degrees with finite graded pieces in the
log Fano case, infinite in finite cohomological degrees in the log Calabi-Yau case, and
infinite in the positive cohomological degrees with finite graded pieces in the log general
type case. In the log Fano and log Calabi-Yau case, the quotient W(Vy,)/F (Vi) are
generalized cluster categories (see e.g. [43] Section 9] and references therein). In the log
general type case, we make the following conjecture, which is a compact analog of [3]
Conjecture 1.2]:

Conjecture 1.5. Let X be a smooth ample divisor in a Calabi-Yau manifold Y and
V =Y \ X be the complement. Then one has a quasi-equivalence

W (V) /F (V) =~ F(X). (1.31)

Conjecture reduces homological mirror symmetry for the manifold X of general type to
that for the affine manifold V. If dy = 1, then Vi admits a compactification to a Calabi—
Yau orbifold Yy such that Xy = Ya \ Vi is a smooth ample divisor, and Conjecture
together with Conjecture implies

DYy (Zw) = F (Xw) . (1.32)

sing

Recall that the degree d trivial extension algebra (also known as the Frobenius comple-
tion of degree d) of a finite-dimensional k-algebra A° has A° & Homy (A% k)[—d] as the
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underlying graded vector space, and the multiplication is given by

Theorem 1.6. Let w € k[xq,...,x,] be a weighted homogeneous polynomial and T be a
subgroup of T'y, containing ¢(Gy,) as a subgroup of finite index. Assume that

(1) w has an isolated critical point at the origin,

(2) dy defined by is positive,

(3) mf ([A"/T],w) has a tilting object E, and

(4) the pair (w,T') does not have twisted deformations in the sense of Definition[3.5.

Let A° be the endomorphism algebra of the tilting object E and A be the degree n — 1
trivial extension algebra of A°. Then there is a G, -equivariant isomorphism

U = Us(A) (1.34)

of affine schemes from the affine subspace U of the base space U of the semiuniversal
unfolding of w defined in Section[3 to the moduli space of Ax-structures on A sending
the origin 0 € U to the formal As-structure on A.

Although the existence of a tilting object and the non-existence of twisted deformations
are restrictive assumptions on a pair (w,I), there are many interesting examples where
both of them holds. Conjecture [1.3| states that the former holds when w is an invertible
polynomial and I' = I'y,. We will see examples where the latter holds in Sections |3.2H3.5]

To apply Theorem|[I.6]to homological mirror symmetry, one needs to find a generator of the
Fukaya category whose Yoneda algebra is isomorphic to A. When w is a Sebastiani—Thom
sum of polynomials of type A or D, i.e., a decoupled sum of polynomials of the form ™!
or %y + y" !, homological mirror symmetry for singularities [27, 28] gives a collection
(S;)!_, of Lagrangian spheres in Vi such that the Yoneda algebra of their direct sum
S =@, S; in the Fukaya category F (VW) is isomorphic to the trivial extension algebra
of the tensor product of the path algebras of the Dynkin quivers of the corresponding
types. For example, the algebra A° in the case of 2* + y* + 2* is the path algebra of the
quiver in Figure [1.2] with the relations that the composition of arrows along the sides of
each small square commutes.

By combining the proof of a special case of [71, Conjecture 4] which states, under as-
sumptions satisfied for V4, an isomorphism

SH* (Vi) ~ HH* (F (Vi) (1.35)
of the symplectic cohomology and the Hochschild cohomology of the Fukaya category,
with the computation of the symplectic cohomology SH* (VW) using a spectral sequence,
originally due to McLean [59] and full detail of which was written later by Ganatra and
Pomerleano [35] (who in addition proved that this spectral sequence is multiplicative),
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FIGURE 1.2. A quiver for w = 2% + y* + 2*

we show that the Yoneda A..-algebra A of the generator of the Fukaya category is not
formal. Hence A can be identified with a point in the moduli space

Moo(4) = [(Ux(A) \ 0)/Gy] (1.36)
of non-formal A..-structures. Conjecture identifies exactly which point this is, and in
order to prove it, one has to distinguish points on M (A) by computable invariants of
F (Vw). For w = 2™ + 20" 4+ ... 4 27" and w = 22 + 22" 4 - - - 4+ 22", this space is
one-dimensional, and we can prove Conjecture by computing the dimensions of the
Hochschild cohomologies in this case:

Theorem 1.7. (i) Let

V= {(21,29,...,3,) €C" |2t bt 2l =1 (1.37)
be the Milnor fiber considered as an exact symplectic manifold, and
K = {[diag(to, t1,...,tn)] € PGL,1(C) | 1" =+ =2 =tgty -1, =1}  (1.38)
be a finite group acting on the projective hypersurface
Z={lwo:m - w,) €P" |2t + bt o+ al T agay-w, =0) . (1.39)
Then we have quasi-equivalences
F (V) =~ perf [Z/K] (1.40)
and
W (V) ~ coh [Z/K] (1.41)

of pretriangulated A..-categories over C.

(i1) Let
V= {(21,29,...,2,) €C" |ai + a3+ a2 =1} (1.42)
be the Milnor fiber considered as an exact symplectic manifold, and
K = {[diag(to, ... t,)] € AwtP | ] = 13" = --- = 2" = loty - - t, = 1} (1.43)
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be a finite group acting on the weighted projective hypersurface

Z={[wg:x - xy] €P|ai+ a3+ + a2 +xowy 1, =0}, (1.44)
where P = P(1,n,1,...,1) is a weighted projective space considered as a smooth
stack. Then we have quasi-equivalences

F (V) =~ perf [Z/K] (1.45)
and
W (V) ~ coh [Z/K] (1.46)

of pretriangulated Ao -categories over C.

1.5. The relation with results of Seidel and Sheridan. The large complex structure
limits in Theorem are different from those appearing in [68] and its generalizations
[72, [73]. In his construction, Seidel removes the divisor {zjz2x3 = 0} from the Milnor
fiber V on the A-side and considers the reducible singular variety {zoz 2273 = 0} instead
of Z on the B-side (cf. [51, Section 5]).

The generator S of F (‘7) used in the proof of Theorem (1) is the direct sum of
vanishing cycles of the Lefschetz fibration w = 7t + ... + z"+1: C"*! — C, which is
also an object of F (Y) The Yoneda algebra computed in F (Y) is a deformation [71] of
the Yoneda algebra A computed in F(V), and hence isomorphic to it since HH?(A)y = 0,
so that the Yoneda A.-algebra computed in F (Y) is described by a Novikov ring-valued
point of M. (A), which is the open-string mirror map.

The generator used by Seidel in [68] is the direct sum of the vanishing cycles of the Lef-
schetz fibration W' := (W + 1) /(z12223): (C*)? — C mirror to the toric variety whose fan
polytope is polar dual to that of P3. The generator used by Sheridan in [72] is the cover
of an immersed Lagrangian sphere in a pair of pants, which is shown to be the direct
sum of vanishing cycles of the Lefschetz fibration w' := (W + 1)/(x1---x,): (C*)* — C
in [62]. One has D = V \ (W)~(0) = Dy U---U D, where D; = V N {z; = 0}. Let
F(V,D) be the relative Fukaya category, which is an A.-category over Clgi, ..., g
whose objects are Lagrangian submanifolds of V' \ D and compositions are counted
with intersection numbers with D;. Since V is Stein, the definition of F(V,D) in-
volves only the classical theory of pseudo-holomorphic maps, and the coefficient ring
is a polynomial ring. The argument of Seidel and Sheridan shows that the idempotent-
complete pretriangulated A, -category generated by the full subcategory of F (V, D) con-
sisting of the cover of the immersed Lagrangian sphere is equivalent to perf [Z/K] where
Z :=ProjClqi,...,q)[w1,.. ., 2]/ (@™ 4+ - + gz + 3o - - - 1,). This suggests gen-
eralizations of Conjecture to more general partial compactifications of covers of a pair
of pants.

Even if one’s goal is to prove homological mirror symmetry for a compact Calabi-Yau
manifold over the Novikov field, it is useful not to go directly from a cover of a pair of
pants to the compact Calabi—Yau, but to divide it into two steps, first to the Milnor
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fiber and then to the compact Calabi-Yau: The Fukaya category of a cover of a pair of
pants has many deformations, but it is easy to control the deformation to the Milnor
fiber, essentially because the Milnor fiber is Stein and the deformation is locally constant
along a stratification of the base space. Once one comes to the Milnor fiber, and take the
direct sum of vanishing cycles as a generator, then we can understand not only formal
deformations but the global moduli space of A,.-structures. It is an interesting problem
to obtain the same level of understanding for deformations of the Fukaya category of a
cover of a pair of pants, which would have non-smoothing components in general.

1.6. Moduli of lattice polarized K3 surfaces. Special cases of the moduli space
give modular compactifications of moduli spaces of a certain class of lattice polarized K3
surfaces. The point is that the choice of a generator 8§ and an isomorphism ¢: End 8§ =
A with a fixed graded algebra A is a derived category analog of a choice of a lattice
polarization. Similar identification of a choice of a full strong exceptional collection as an
analog of a choice of a marking (an isomorphism of the Picard lattice with a fixed lattice)
of a del Pezzo surface was a starting point of [11, [60].

Let P be a lattice, i.e., a free abelian group equipped with a symmetric bilinear form. A
P-polarized K3 surface is a pair (Y, j) of a K3 surface and a primitive lattice embedding
j: P — PicY. It follows from the global Torelli theorem and the surjectivity of the period
map that the coarse moduli space of P-polarized K3 surfaces is the quotient of a symmetric
domain of type IV by a discrete group. As an example, consider the case P = Eg 1 U. This
is the complement of U of the ‘half’ of the extended K3 lattice Fs | Ex LU LU LU LU, and
as such is self-mirror, since mirror symmetry for lattice polarized K3 surfaces interchanges
the algebraic lattice and the transcendental lattice inside the extended K3 lattice [18]. The
Satake—Baily—Borel compactification of the coarse moduli space of Fg | U-polarized K3
surfaces is known to be the 10-dimensional weighted projective space P(w) of weight w =
(4,10,12, 16, 18, 22,24, 28, 30, 36,42) [13]. Similar descriptions exist for lattices coming
from exceptional unimodal singularities by [56], which lead to a ‘striking’ ([57, page 586])
conclusion that certain rings of meromorphic automorphic forms are polynomial rings.
Theorem together with the discussion in Section 3.5 gives an interpretation of the
spectrum of all of these polynomial rings as moduli spaces of A, -structures. This is a
K3 analog of the description of ﬂl,l as moduli of A-structures recalled in Section .
Similarly, the coarse moduli space of for the n = 3 case of Theorem [1.7}(i) can be
identified with the coarse moduli space of Fgl Fg UL (—4)-polarized K3 surfaces. This
is a K3 analog of the Hesse pencil of cubic curves, which are elliptic curves with level 3
structures. These examples are the first of infinite series, discussed in Section [3.4] and

Section [3.2] respectively, where Theorem [1.6] applies.

1.7. Sebastiani-Thom summation. Yet another motivation for Conjecture [I.4] be-
sides moduli of A.-structures and partial compactifications of covers of a pair of pants,
comes from a conjectural compatibility of Conjecture [1.2] and Conjecture (1.4 under the
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Sebastiani-Thom summation. Let w;: C* — C! for i = 1,2 be Lefschetz fibrations
coming from transpositions of invertible polynomials w;: X; := A" — A! and

Y; = {(,ﬁ(}i’l, Ce ,I‘i’ni) e A™ Ti1: " Tin; = 0} (147)

be the unions of coordinate hyperplanes. We also write the union of coordinate hyper-
planes in X = X; x Xy as Y. Let w = w; + wy: A™*"2 3 Al be the Sebastiani-Thom
sum of wy and ws, and set

I = {(<t1,0> .. 7t1,n1)7 (t270, . 7t2,n2)) - Fl ) F2 ’ t170 = t270} (148)
where T'; := I'y,. It follows from [64] that

The push-out diagram
YixY, —— Xy xY,

l l (1.50)

Y1 X X2 E— Y
should induce the push-out diagram

mf ([Y; x Y3/T],w) —— mf ([Y; x X5/T],w)

l l (1.51)

mf ([X; x Y3/T],w) —— mf ([Y/T],w),
which gives
mf ([Y1/T1], wi) @ mf ([Y2/To], w2) —— mf ([Y1/T1], w1) @ mf ([X2/Ts], wo)

l l (1.52)

mf ([X1/T4], wi) @ mf ([Yo/To], wy) —— mf ([Y'/T], w)

by the Sebastiani-Thom theorem for matrix factorizations [66]. This matches the push-
out diagram

W(w;(0)) @ W(w;'(0)) —— W(Ww;'(0)) @ W(W,)

l l (1.53)

W(W1) @ W(wy '(0)  —— W((W1+W2)(0))
coming from the cosheaf property of the wrapped Fukaya categories [33].

Remark 1.8. Similar compatibility exists for homological mirror symmetry for toric Fano
manifolds and that for their toric boundaries giving large complex structure limits of their
anti-canonical Calabi-Yau hypersurfaces. If w;: (C*)" — C for ¢ = 1,2 are mirror to
toric Fano manifolds X; with toric boundaries Y; and w := Wy + wo: (C*)™*"2 — C is
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mirror to X = X; x X, with its toric boundary Y, then one has the push-out diagram
(1.50) inducing the push-out diagram
cohY) ® cohYy —— coh X; ® coh Y,

l l (1.54)

cohY; ® coh X9 —— cohY

obtained from [29, Theorem 8.A.1.2] as explained in [30, Section 1.1.2] (see also [61]
Section 2.4]).

1.8. This paper is organized as follows: In Section [2 we set up basic notations for
weighted homogeneous polynomials and their semiuniversal unfoldings. In Section [3] we
compute Hochschild cohomologies of (not necessarily smooth) proper algebraic stacks
associated with weighted homogeneous polynomials using matrix factorizations. In Sec-
tion {4 we give a generator 8 of perf %, and prove the formality of end 8. We prove
Theorem in Section . In Section |6 we prove that HH* (]-" (‘7)) is isomorphic to
the symplectic cohomology of V. In Section , we give computations of symplectic co-
homology of V and deduce the non-formality result in F (V) Theorem is proved in
Section Bl

Through the rest of the paper, we will work over an algebraically closed field k of character-
istic 0. The bounded derived category of coherent sheaves, its full subcategory consisting
of perfect complexes, and the unbounded derived category of quasi-coherent sheaves on an
algebraic stack Y, considered as pretriangulated dg categories, will be denoted by cohY,
perf Y, and Qcoh Y respectively. All Fukaya categories are completed with respect to cones
and direct summands.

Acknowledgment: We are grateful to the referee for their careful reading and corrections.
In particular, Section 6 has been thoroughly revised to address referee’s comments. Y. L. is
partially supported by the Royal Society URF\R\180024. K. U. is partially supported
by Grant-in-Aid for Scientific Research (15KT0105, 16K13743, 16H03930).

2. WEIGHTED HYPERSURFACE SINGULARITIES

A weight system is a sequence (dy, ..., d,;h) of positive integers satisfying

h > max{dy,...,d,}. (2.1)
We will always assume

ged(dy, ..., dy, h) =1 (2.2)
in this paper. Let w(zy,...,z,) € K[z1,...,x,] be a polynomial in n variables, which is

weighted homogeneous of weight (dy, ..., d,;h);
w (tdlxl, o ,td”xn) = t"w(zy,...,2,), tEGnp. (2.3)
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It is written as the sum of monomials
W(T1,...,&py) = Z ey . .ain, e € Gy, (2.4)
1=(11,...,0n ) Elw
where the index set I, is a subset of the set of non-negative integers satisfying
diiy + daig + - - - + dyin, = h. (2.5)
We will always assume that w determines the weight system satisfying uniquely.
Let 'y, be the commutative algebraic group defined by
Dy = {(t1,... tnr1) € GE™ | 1945 - - tir = t,4 for all (i1,...,i,) € Iy} . (2.6)

The group fw = Hom(T['y, G,,) of characters of I'y, is written as

~

'w=Zx1® - @ ZXn—i—l/(ile + -t inXa — Xn+1)i€]w ) (27)

where y; € fw for 1 <i < n+1is defined by (t1,...,t,11) — t;. Since the composition
I'v — G x G, — G, with the first projection is injective, we will think of I'y, as a
subgroup of G, and set Xw = Xn+1. The group I'y, consists of diagonal transformations
of A™ which keeps w semi-invariant;

w(t-(T1,...2,)) = xwt)W(x1,...,2,), tE€y. (2.8)
The injective homomorphism
R I R e (A (2.9)

fits into the exact sequence

1 = G 5 Ty — ker o/ () = 1, (2.10)
where jy = (eQWﬁdl/ ho .., e2mV=ldn/ h> is the grading element generating the cyclic
group ker xyw N ¢(Gy,) of order h.

Let T be a subgroup of I'y, containing ¢(G,,) as a subgroup of finite index. For such T,
the kernel of x = xw|r is a finite group, and such subgroups I" are in bijection with finite
subgroups of ker xy, containing the grading element j,.

The group I acts naturally on the spectrum of R := k[x1,...,z,]/(w), and we write the
quotient stack of the complement of the origin 0 as
X = [(Spec R\ 0)/T] . (2.11)
We let T act on A" := Speck|xy, ..., z,] diagonally via yo @ - - ® x, where
Xo=X—X1—"" — Xn- (2.12)
By abuse of notation, we write the image of w by the inclusion of k[zy,...,z,] to

k[zg,...,x,] by the same symbol, and set R = k[zo,...,z,]/(W).
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If

dy=h—d—-—d, (2.13)
is positive, then [(A™*!\ 0)/I] is proper, and hence so is its closed substack

Yo = [(Spec R\ 0)/T]. (2.14)

Here, the subscript “0” is placed in anticipation of the deformation that we will study
later on. It is a projective cone over X, which is obtained from V, = [Specﬁ ker XO] by
adding X at infinity. The character of the I'-action on the xy variable in (2.12)) is chosen
so that the dualizing sheaf of Y, is trivial.

Assume that w: A" — A has an isolated critical point at the origin. This is equivalent to
the finiteness of the dimension pu, called the Milnor number of w, of the Jacobi algebra

Jacy = K[z1,..., 2,/ (01w, ..., 0nW). (2.15)
Let Jy be the set of exponents of monomials representing a basis of Jacy,, and
wi=w(r1,...,2,) + Z ujrlt . xin A" x U— Al (2.16)
j:(jly---ajn)ejw

be a semiuniversal unfolding of w. The base space U = Spec klui,...,u,] is an affine

space of dimension p. Let U be the affine subspace of U defined by the condition that u;
may be non-zero only if there exists a positive integer w; satisfying

X = WjXo + Jix1 + + jnXn (2.17)
Let J be the set of 3 € J,, satisfying this condition. Then we have the family
Ty W = [(W0)\(0xU))/T] »U (2.18)
of stacks over U defined by
W = w(zy,...,2,) + Zujasguja:{l coais AT U — Al (2.19)
jeJ

whose fiber over u € U will be denoted by Y, := 7~ (u). Here the action of T on A"*! x U
in such a way that degx; = x; for ¢ = 0,1,...,n and degu; = 0 for all 5 € Jy. The
divisor at infinity defined by x( is isomorphic to X x U. The relative dualizing sheaf wy /iy
is identified with ww-1(0)\(oxv))v considered as a I'-equivariant coherent sheaf, which
in turn is isomorphic to the restriction of wian+1xp)0(x) to W(0) \ (0 x U) since W
is a section of Ogn+14y; of degree x. This sheaf is I'-equivariantly trivial, and we fix its
trivialization, which is unique up to scaling if dy > 0. In addition, there is a G,-action
on A" x U given by

(0,1, (ug)ges) = (w0, 21, o), (E915),,) (2.20)

which induces actions on ¢ and U which makes 7y equivariant.
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Example 2.1 (tacnode). When n = 2 and w = 2%+ y*, one has (dy, dy; h) = (2,1;4) and
Tw = {(t1,t2) €GZ | 1] =13} = G X py,  (t1,t2) = (t2, 11157, (2.21)

The image of the injective homomorphism
¢: G — Ty, t (t51) (2.22)

is an index 2 subgroup isomorphic to G,,, so that there are two choices of I'. By construc-
tion, we have the semi-invariance property

w(tiz, tay) = x(t1, t2)w(z, ), (2.23)

where y: I' = Gy, is the character sending (¢1,%5) to t3 = t3. A semiuniversal unfolding
of w is given by

W (2, y; g, us, uy) = 22 + y* + ugy® + usy + Uy, (2.24)
and one has
W (z,y, 25 us, ug, ug) = 22 4yt + uoy?2? + ugy2® + ug2? (2.25)
if I' = ¢(Gy,), and
W (z,y, 2;uz, ug) = 2 + y* + ugy®z” + ugz™. (2.26)

it I' =Ty.

Example 2.2 (E),-singularity). When n = 3 and w(z,y,2) = 22 + y> + 27, one has
(dy,dy,d3; h) = (21,14,6;42), T'y, = Gy, Jacy = Alz,y, 2]/ (22, 3y?, 7y%), and = 12. One
can take

Jw={(i,j,k) eN*|i=0, j <1, k<5}, (2.27)
so that a semiuniversal unfolding w: A3 x U— Al of wis given by

w=a"+y’+2"+ Z wjpy’ 2F. (2.28)
j=0,1,
k=0,1,2,34,5
Since ¢(Gy,) = I'y, the choice of T" is unique in this case. The integer
wi, = 42 — 14§ — 6k (2.29)

is positive unless (j, k) = (1,5), so that U C U is the 11-dimensional subspace defined by
s = 0, and W: A* x U — Al is given by

W =2a+y>+ 2"+ Z wjy’ ZFuin, (2.30)
(47:,k)#(1,5)
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3. HOCHSCHILD COHOMOLOGY VIA MATRIX FACTORIZATIONS

The Hochschild cohomology of a scheme Y (or more generally a perfect derived stack []])
is defined as

HH*(Y) = EXt*ny (C)A, OA) s (31)

where Ox = A,Oy and A: Y — Y X Y is the diagonal embedding. The right hand side
of (3.1)) is isomorphic to the endomorphism

HH*(QCOh Y) = Hom;unL(QCOh Y,Qeoh Y) (idQCOhy, idQCOhy) (32)
of the identity in the oo-category of colimit-preserving endofunctors of QcohY 79, §].

When Y is a smooth variety over k (see [3] for a partial extension to positive characteris-
tics), one can compute the Hochschild cohomology by appealing to Hochschild-Kostant—
Rosenberg isomorphism

HH"(Y) = @ H? (Y, A"Ty). (3.3)

p+q=n

However, our main interest is in the case when Y is a singular stack. A generalization of
the above decomposition to singular varieties is given by Buchweitz—Flenner [14] which
states

HH"(Y) = € Ext” (ALy, Oy) (3.4)

p+q=n

where Ly is the cotangent complex over k and A? is the derived exterior product. However,
it is not always straightforward to compute with this, even when Y is a variety. We will
instead use another strategy which uses the function w more directly.

Let S := Sym V be the symmetric algebra over the vector space V' := span {xg, z1,...,2,}
of dimension n + 1, and A" = Spec S be the affine space. Let further I be a finite
extension of G, acting linearly on V, y € T = Hom(T', G,,,) be a character of I', and
W € H° (Opn+1r(x)) = (S @ x)" be a non-zero element of weight x. The quotient ring
R := S/(W) inherits a I'-action.

When y is isomorphic to the top exterior power of the dual V'V as a I'-module, the bounded
derived category cohY of coherent sheaves on the quotient stack Y := [(Spec R \ 0)/T] is
quasi-equivalent to the idempotent-complete dg category mf ([A"*1 /T, W) of I'-equivariant
matrix factorizations;

cohY = mf ([A™"'/T] , W). (3.5)

This is first proved by Orlov [63, Theorem 40] when I' & G, in the context of triangulated
categories. The generalization to a finite extension of Gy, is straightforward. The quasi-
equivalence of dg categories can be found in [6] (15,140} [74]. Note also that by [63, Theorem
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39], mf ([A"*1/T'], W) is equivalent to the bounded stable derived category of the graded
ring R, denoted by DZ _(gr R). The equivalence 1} implies the isomorphism

sing
HH*(Y) = HH*(A"T1 T, W), (3.6)

where the right hand side is the Hochschild cohomology of the dg category mf ([A"™!/T] , W) |
which can be computed as follows:

Theorem 3.1 ([20, 15, 67, [6]). Let I' be an abelian finite extension of Gy, acting linearly
on A" = Spec S, and W € S be a non-zero element of degree x € I' := Hom(T', G,,).
Assume that the singular locus of the zero set Z_wymw of the Sebastiani-Thom sum

(—=W)BW s contained in the product of the zero sets Zw X Zw. Then HH' (A" T, W)
15 1somorphic to

@ H_Ql(dWW) ® X®(u+l) ® Adim N.YNA\//

y€ker x, (>0
t—dim N, =2u

& P HIEAW,) @ Pt g ANy | (37)

vyeker x, >0
t—dim Ny=2u+1

Here H'(dW.,,) is the i-th cohomology of the Koszul complex
C*(dW,) ={ = AV @x* s, >V ax'®s, = 5,}, (3.8)

where the rightmost term S, sits in cohomological degree 0, and the differential is the
contraction with

AW, € (V,@x®S,)" . (3.9)

The vector space V,, is the subspace of y-invariant elements in V', S, is the symmetric
algebra of V., W, is the restriction of W to SpecS,, and N, is the complement of V, in
V so that V=V, & N, as a I-module. The vector space on the right hand side of
is the degree x part of the space Q0g. =V, ® S, of Kahler differentials of S,, and dW,
is the exterior derivative of the polynomial W,. The zero-th cohomology of the Koszul
complex ({3.8)) is isomorphic to the Jacobi algebra Jacw. . If W, has an isolated critical
point at the origin, then the cohomology of is concentrated in degree 0, so that only
the summand

(Jacw, @x*" @ Adim]\”]\fvv)F (3.10)
with [ = 0 contributes in (3.7)).

The formula (3.7) is an adaptation of [6l Theorem 1.2], to which we refer the reader for a
proof. The slight difference between [0, Theorem 1.2] and (3.7)) comes from the convention
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for the Koszul complex; the latter is convenient in that when V has an additional Gy,-
action, (3.7)) is equivariant with respect to it.

If the T-action on V satisfies dim (S ® p)F < oo for any p € f, then one has
dim HH' (A" W, T) < oo (3.11)

for any ¢t € Z, since the Koszul complex (3.8 is bounded, the group ker x is finite,
each direct summand in (3.7 is finite-dimensional, and there are only finitely many wu
contributing to a fixed t.

We compute the Hochschild cohomologies in several classes of examples in Sections
below. The results in Sections [3.2H3.5| give examples where the condition (4) in

Theorem [I.0]is satisfied, and the results in[3.6/and [3.7] are used in the proof of Theorem
given in Section [

3.1. Cones over isolated hypersurface singularities. Let w € klz,...,z,] be a
weighted homogeneous polynomial of weight (dy,...,d,;h) satisfying dy > 0 and I" be a
subgroup of Ty, containing ¢(G,,) as a subgroup of finite index as in Section [2} Assume
that w has an isolated critical point at the origin and let W be the image of w by the
inclusion k[zy,...,z,] < k[zo,...,7,]. Then Y := [(W~1(0)\ 0)/T] has a G,-action
given by t-[xg:xy - xy] = [txg : 1 -+ 1 2], which induces a Gp,-action on HH*(Y).
Let HH*(Y) o be the negative weight part of this G,,-action.

Since W does not contain the variable zy, the Koszul complex C*(dW.,) is isomorphic to
the tensor product of C*(dw.,) and the complex {kzy ® x" ® k[zo] — k[zo]} concentrated
in cohomological degree [—1,0] with the zero differential if V., contains kz, C V, and
to C*(dw,) otherwise. Only direct summands coming from H*(dW,) with k& = 0, —1
contribute to in the former case, and those with £ = 0 in the latter case. Summands
with k = 0 contribute

(Jacw, @k[zo] @ x** @ Adim]\”]\fvv)F (3.12)
to HH?**4™m M (Y "and those with & = —1 contribute
(kzy ® Jacw, ®k[zg) @ x&* @ AN N,YV)F (3.13)
to HH2u+dimN»y+1 (H) since
H'(dW,) 2 kg ® X" ® Jacw, @k[zo). (3.14)

Corollary 3.2. Under the above assumptions, one has HH°(Y) = k, HH'(Y)y % 0, and
HH'(Y) -, 22 0.

Proof. If u < —1, then vanishes, and if u = 0, then contribute to HH(Y)
only if N, = 0, where it is k. cannot contribute to HH' (Y), since dim N, = 1 is
impossible for v = (tg,t1,...,t,) € ' because of the condition tg---t, = 1. One always
has v > —1 in , and one can have v = —1 only if N, = span{zy,...,z,}. Each
such 7 contribute k(—1) to HH" *(Y). The summand with v = 0 and v = 0 contributes
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(kzy ® Jacy, @k[zo])" to HH!(Y), which has non-negative G,,-weights. In particular, the
element xy ® 7o gives a non-zero contribution to HH'(Y)s. Summands with u = 0 and
v # 0 or u > 1 contribute to HHZQ(H). O

Definition 3.3. We say that the pair (w,[') does not have twisted deformations if

HH?(Y).o comes only from the direct summand (Jacy, ®k[zo] ® )" corresponding to
u=1and v=0in (3.12).

This condition means that direct summands with v # 0, called twisted sectors in string
theory, do not contribute to HHQ(H)@, so that all deformations corresponding to HH? (Y) <o
comes from deformations of the defining polynomial w, and one has dim HH?*(Y)., =
dim U.

3.2. Projective hypersurfaces. Consider the case

W(xy,. .., x,) =T g (3.15)

with
(dy,....dp;h)=(1,...,1;n+1) (3.16)

and
D= {(to,....t,) € (Gu)"™ |t} = =11 =t 1, }. (3.17)

This case appears in mirror symmetry for the Calabi—Yau hypersurface of degree n +
1 in P, and gives the Dy-singularity 2% + y for n = 2. The group I' of characters

of T' is isomorphic to Z x (Z/(n + 1)Z)"~', and we write the character (to,...,t,) —
gttt for (iy, ... ,dn) € Z0X (Z)(n + 1)Z)" "t as py,. .. One has kay &
P11, kY = pro o0, kY = piao.0s-- KT = pro.om X = Pntio,.0, and ker xy =
(Z)(n+1)Z)".
When + is the identity element, one has V, =V, N, =0, W, = w and

Jacw Z K[zy,...,z,)/((n+ 1)zt ..., (n+ 1)xy). (3.18)
The element

AR A LS (Jacy ®kzo] ® X®“)F (3.19)

for i = 0,...,min{u,n — 1} contributes k((n + 1)(u — i) + i) to HH**, and the element
7 ® xénJrl)(ufz')JriJrlxli R = (xg ® Jacy @k[ro] ® X®u)F (3.20)
for i = 0,...,min{u,n — 1} contributes k((n + 1)(u — i) + ) to HH***!.
When V,, = 0 and N, =V, one has W, = 0 and the summand
(x®* @ AN NV 2 kg Ao A, (3.21)

contributes k(—1) to HH*4m M — H~2T" — HH"~'. The number v;(n) of such = is
2,21,204, ... for n = 2,3,4, ... respectively.
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When V, = kxg and N, = kz; @ - - - ® kz,,, one has W, = 0 and the summand
(Jacw, @x*" @ Adi““\[”]\fvv)F ~ kg @ Y A A (3.22)

in HH* 4™ N contributes k((n + 1)u + n) to HH**™™ for v > 0, and the summand

(2} ® Jacw, ®x®* © AN NY)' = ke @ T T @ oy A A (3.23)

in HH24mNF contributes k((n 4 1)u+n) to HH**™ ! for 4 > —1. The number v,(n)
of such vis 2,6,52,... for n = 2,3,4, ... respectively.

Note that one has
v1(n) + va(n) =n", (3.24)
since the left hand side is equal to is the number of elements of the set
(s ) € @\ (L) [ 407 = oo =2 = 1), (325)
When V, = kg @ --- @ kz; and AdimNWN;/ =ka/  A--- Az for 0 < i < n, one has
W, =2/t 4. 4 2Pt and
Jacw, = klzo] ® span {1,1:1, o ,x?‘l} ® - -+ ® span {1,@, R (3.26)
Since the weight of
zg0 i @ay A Ay € Jacw, QAN NY (3.27)
for (ko,...,k;) € Nx {0,...,n — 1} can never be proportional to x, one has
(Jacw, ®x*" @ AGHmNWNWV)F >~ (3.28)

for any u € Z and similarly for (zy ® Jacw, @x** ® AdimNVN;/)F, so that such v does
not contribute to HH*. In total, one has

HHO(Y) =~ k, (3.29)
HH'(Y) 2 k @ k(—1)%*, (3.30)
HH* " 2(Y) 2 HH*B3(Y) 2 k(3i + 1) @ k(3i +2)? @ k(3i +3) fori >0 (3.31)

for n = 2,
HH’(Y) = HH'(Y) 2 k, (3.32)
HH?(Y) =2 k(—1)** @ k(1) @ k(4), (3.33)
HI (Y) = k(1) ® k(3)%0 @ k(4), (3.34)
HH*(Y) 2 k(4i + 2) @ k(4i + 3)*° @ k(4i +5) @ k(4i +8) fori >0, (3.35)
HH* (YY) 2 k(4i +2) @ k(4i +5) © k(4i + 1) @ k(4i +8) for i >0 (3.36)
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for n = 3,
HH(Y) = HH'(Y) > k, (3.37)
HH*(Y) = k(1) @ k(5), (3.38)
HH?(Y) = k(—1)*%° @ k(1) @ k(5), (3.39)
HH*(Y) = HH*(Y) = k(2) @ k(4)®** @ k(6) © k(10), (3.40)
HH0(Y) = HH*+7(Y) (3.41)
> k(5 +3) o k(5i + 7) & k(5i + 9)%°* @ k(5i + 11) & k(5 + 15) for z‘(z o)
3.42

for n = 4, and so on.

For n = 2 there are twisted deformations where HH?*(Y)_5 = k®2 comes from 7 # 0, but
there are no twisted deformations for all n > 3.

3.3. Double covers of projective spaces. Consider the case

W(T1,. .. Ty) =25 F a5 4 " (3.43)

with
(dy,...,dp;h) = (n,1,...,1;2n) (3.44)

and
D= {(to,....t,) € (Gu)"™ |t =t3" = =t7" =to---tn}. (3.45)

This case appears in mirror symmetry for the double cover of P"~! branched over a
hypersurface of degree 2n, and gives the tacnode singularity 22 +y* for n = 2. One has
I 27 xZ)27 x (Z)2nZ)" 2 and ker x = Z /27 x (Z/2nZ)"*.

When + is the identity element, one has V, =V, N, =0, W, = w and

Jacw 2 klz1,...,2,]/ (221, 203"t ... 2022 h) (3.46)
The element
oI a2 e (Jacy @k[zg) @ x®“)r (3.47)

for i = 0,...,min{u,n — 1} contributes k(2(u — i)n + 2i) to HH*", and the element
) @ xg(ufi)nJrQiJrlx%i A= (555/ ® Jacy ®K[zo] ® X®u)F (3.48)
fori =0,...,min{u,n — 1} contributes k(2(u — i)n + 24) to HH**!,
When V,, = 0 and N, =V, one has W, = 0 and the summand
(¢ @ AT NN 2 kY A A, (3.49)

contributes k(—1) to HH*4mNo — g2+ — HH"'. The set of such « is bijective
with the set of (ig,42,...,9,_1) € {0,...,2n — 1} ! satisfying ig +n + iy + -+ + i, =0
modulo 2n. The number vs(n) of such v is 2,21,300,... for n = 2,3, 4, ... respectively.
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When V, = kxg and N, = kz; @ - - - ® kz,,, one has W, = 0 and the summand
(Jacw7 Rx®" ® AdimNWva)F = k™l oY A Ay (3.50)
in HH* 4N contributes k(2nu + 2n — 1) to HH?*™ for « > 0, and the summand

(zy @ Jacw, @x*" ® AdimNWN;’)F > kg @zt @) Ao A (3.51)

n

in HH2“T4m N+ contributes k(2nu +2n — 1) to HH*™ ™ for 4 > —1. The number v,(n)
of such v is 1,4,43,... for n = 2,3,4,... respectively. One has

vg(n) +wvg(n) = (2n — 1)"* (3.52)
just as in the case of vy (n) + va(n).

Other v do not contribute, and the result is summarized as

HH’(Y) = k, (3.53)
HH'(Y) =2 k @ k(—1)%, (3.54)
HH*"2(Y) = HH*(Y) 2 k(45 +2) @ k(4i +3) D k(4i +4) fori >0 (3.55)

for n = 2,
HH(Y) = HH'(Y) > k, (3.56)
HH?*(Y) 2 k(-1)%*° @ k(2) @ k(6), (3.57)
HH?(Y) 2 k(2) @ k(5)*! @ k(6), (3.58)
HH*™(Y) = k(6i + 4) © k(6i + 5)®* & k(6 + 8) d k(6i + 12) for i >0, (3.59)
HH*™(Y) 2 k(6i +4) ® k(6i + 8) @ k(6i + 11)** @ k(6i +12) fori >0  (3.60)

for n = 3,
HH°(Y) = HH'(Y) = k, (3.61)
HH?(Y) = k(2) @ k(8), (3.62)
HH?(Y) = k(-1)%*° @ k(1) @ k(5), (3.63)
HH*(Y) = HH"(Y) 2 k(4) & k(7)®* & k(10) & k(16), (3.64)
HH%+6(9) ~ HH2i+7(y) (3.65)

>~ k(8 + 6) @ k(8i + 12) @ k(8i + 15)%* @ k(8i + 18) @ k(8i +24) for i >0

for n = 4, and so on. There are twisted deformations for n = 2, but there are no twisted
deformations for all n > 3.
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3.4. Sylvester’s sequence. Consider the case w(xy,...,z,) = zi* + -+ + z°» where
()2, = (2,3,7,43,1807,...) is the Sylvester’s sequence defined by s; = 1+ s1---8;_1.
This case appears in mirror symmetry for the Calabi—Yau hypersurface in P(1, sq, ..., S,),

and gives the cusp singularity 2?2 + y® for n = 2. One has
(do,dy,...,dp;h) = (1,h/s1,...,h/sp;Sps1 — 1) (3.67)
and ¢: G, — [ is an isomorphism.

When + is the identity element, one has V, =V, N, =0, W, = w and

Jacw 2Kz, ..., 2]/ (512571, sin ). (3.68)
The monomial z,’ +(u_1)hx{1 .-+ zJn from the summand

(Jacw ®k|zo] ® X®“)F (3.69)

contributes k(w; + (u — 1)h) to HH*" for each j = (jy,. .., jn) satisfying 0 < j; < s; — 1
fori =1,...,n and w; == h —dyj1 — -+ — dpj, > —(u — 1)h. Such j also contributes
k(w; + (u — 1)h) to HH**' just as in Section

Each v with V, = 0 contributes k(—1) to HH"~'. The set of such v can be identified with
the set of integers from 0 to h — 1 prime to all s; for i = 1,...,n. The cardinality of this
set is given by 2,12,504, ... for n = 2,3,4, ... respectively.

One never has V, = kzg in this case. For any v with V., # 0,V does not contribute to
HH* just as in Section [3.2]

The result is summarized as

HH'(Y) =2 k @ k(—1)%2, (3.71)
HH**2(Y) =2 HH*"(Y) = k(6i +4) © k(6i +6) fori >0 (3.72)
for n = 2,

HH®(Y) = k, (3.73)

HH'(Y) = k, (3.74)

HH?(Y) = k(—1)°" @ k(w), (3.75)

HH?(Y) = k(w), (3.76)

HH*(Y) = HH* 5 (Y) =2 k(w +42(i + 1)) for i >0 (3.77)

where w = (4, 10, 12,16, 18, 22, 24, 28, 30, 36,42) and w = (—2,w) for n = 3, and so on.
There are no twisted deformations for all n > 2.
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3.5. Exceptional unimodal singularities. Consider the weighted homogeneous poly-
nomials given in Table |3.1] which define Arnold’s 14 exceptional unimodal singularities
[4, Table 14]. We take I' = ¢(G,,). The Hilbert polynomial for the Jacobi ring

Jacyw = k[z1, 29, 23]/ (01 W, Oaw, D3W) (3.78)
is given by

(1= ) (1 = Th=iz)(1 — Th0)
(1= T%)(1 = T%)(1 - T%)

We define a non-decreasing sequence w = (wo < --- < w,_1) of integers in such a way
that is equal to S°*° T"~%i. Then one always has wy = —2, and w = (w;)""]' is
as in Table The identity element v = idy contributes k to HH? and HH', k(w) to
HH? and HH?, and k(@ + (i + 1)h) to HH*™ and HH**® for 4 > 0. By adding the term
xh, one obtains a smooth Deligne-Mumford stack Y; derived-equivalent to a K3 surface.
Since V7 for v # idy does not contain the xy-axis, contributions from ~ # idy is the same
for Y and Y;. On the other hand, the rank of the total Hochschild cohomology of Y; is
24, and 7 = idy contributes k to HH’(Y;) via the element 1 € Jac,, of degree 0, k®*=2)
to HH?(Y,) via elements of degrees between 1 and h+ 1, and k to HH* via the element of
degree h + 2. It follows that v # idy contribute k®*=#) to HH?*(Y,). Since V, does not
contain the zg-axis, each of these contributions contains z§ from AY™* N. and hence
the G,,-weight for the contribution to HH?(Y) is 1. This shows

(3.79)

HHO(Y) = K, (3.80)
HH'(Y) = k, (3.81)
HH2(Y) = k(—1)®@H @ k(w), (3.82)
HH?*(Y) = k(w), (3.83)

HH**4(Y) = HH**5(Y) 2 k(@ + (i + 1)h) for i > 0. (3.84)

There are no twisted deformations in all these cases.

3.6. Cusp singularities. Consider the case
W(zg,...,z) =2y o2 fay-em, (3.86)
with the same weight (3.16)) and the group (3.17) as in Section [3.2]

When 7 is the identity element, one has V,, = V, N, = 0, and W, = W. The subring of S
consisting of semi-invariants with respect to x is equal to the invariant ring with respect to

ker x 2 (u,,.1)". This ring is generated by n + 2 monomials zg ™, ..., 2" 24 - -z, with
one relation ™ .- 2"t = (zg---2,)"*". The n + 1 monomials 7 ... 2" oz,

are zero in Jacw, so that

0 u<-—1,

3.87
1 u>0. ( )

dim (Jacw ®X®“)F = {
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Name Normal form  (dy,ds,ds;h) w

Qo 2+ yP+2t (9,8,6;24) 10 (4,6,7,10,12,15, 16,18, 24)

Qu 22+ +y (7,6,4;18) 11 (2,4,5,6,8,10,11,12, 14, 18)
Qi 24+ y*+2°  (6,5,3;15) 12 (1,3,4,4,6,7,9,9,10,12,15)
Zn o 2 +ytz+2° 0 (15,8,6;30) 11 (4,6,10,12,14,16, 18, 22,24, 30)
Zin w4zt (11,6,4;22) 12 (2,4,6,8,10,10,12, 14,16, 18, 22)
Ziys 2+t +2% 0 (9,5,3;18) 13 (1,3,4,6,7,8,9,10,12,13, 15, 18)
S izt a4+t (6,5,4;16) 11 (2,3,4,6,7,8,10,11,12, 16)

S iz +ay?+y2 (5,4,3;13) 12 (1,2,3,4,5,6,7,8,9,10,13)

Wi 224+ y*+2°  (10,5,4;20) 12 (2,3,6,7,8,10,11,12, 15, 16, 20)
Wi 22 +yt+yt (8,4,3;16) 13 (1,2,4,5,6,7,8,9,10,12,13, 16)
Ei 2+ y3+ 2T (21,14,6;42) 12 (4,10,12,16,18,22,24, 28, 30, 36, 42)
Eiz 22+ +y2®  (15,10,4;30) 13 (2,6,8,10,12, 14,16, 18, 20,22, 26, 30)

4

112,13, 15,16, 18,21, 24)
4,5,5,6,8,8,9,12)

(3.85)

TABLE 3.1. 14 exceptional unimodal singularities

The Grothendieck ring repp of finite-dimensional I'-vector spaces can be identified with
the group ring of I, generated by [x], ..., [7,] and their inverses with relations [zg]"™! =
- = [2,]"" = [x0] - - - [1,]. The ring S is a ['-graded ring, and the class [C*(dW)] of the

Koszul complex is an element of a suitable completion of rep given by

[C*(dW)] = (1 + [wo] + -+ + [wo]" ™) - (L + [w] + -+ [wa]" ). (3.88)

Among n" ™! monomials in (3.88)), only [zo]*- - [z,]* for i = 0,...,n — 1 are proportional
to a power of [x]. By projecting to the subring generated by T" := [z¢] - - - [x,,], one obtains
[(C*(dvv))r} 1T+ T (3.89)

Since (&W);:Ol is a regular sequence in S, the cohomology of the Koszul complex is
concentrated in degree —1 and 0. It follows that

[Jacw] — [H'(dW)] =1+ T+ -+ 1", (3.90)
so that

<n-—2
r {O u<n-—2, (3.91)

dim (H™'(dW) @ x® )" = w1
u=>n—1.

Hence v = 0 contributes k to HH?* for u > 0 and HH*** for « > n — 1.



MODULI OF A,-STRUCTURES 27

Contributions from non-trivial 7 is the same as in Section The result is summarized
as

HH°(Y) =~ k, (3.92)
HH'(Y) = k4, (3.93)
HH™(Y) =2 k™ fori >0 (3.94)
for n = 2,
HH’(Y) = k, (3.95)
HH'(Y) 20, (3.96)
HH?(Y) = k9% (3.97)
HH?(Y) = k®°, (3.98)
HH*"(Y) 2 k" fori >0 (3.99)
for n = 3,
HH®(Y) = k, (3.100)
HH'(Y) =0, (3.101)
HH?(Y) < k, (3.102)
HH?(Y) = k9%, (3.103)
HH*(Y) = k%, (3.104)
HH®(Y) = k%2, (3.105)
HH(Y) = k5 for i >0 (3.106)
for n = 4, and so on.
Similarly, the case
W(zg,...,0n) =22 + 25"+ + 22" + 101y (3.107)
with the same weight (3.44]) and the group (3.45)) as in Section gives
HH®(Y) = k, (3.108)
HH'(Y) = k*°, (3.109)

HH"?(Y) 2 k™ fori >0 (3.110)
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for n = 2,
HH’(Y) = k, (3.111)
HH'(Y) 20, (3.112)
HH?(Y) = k%%, (3.113)
HH?(Y) = k4, (3.114)
HH*M(Y) =2 k™ fori >0 (3.115)

for n = 3, and so on.

3.7. Ordinary double points. Consider the case W (2,1, ..., Tps1) = 24T + -+ +
2t — (n+1)x - - - 2, with the same weight (3.16)) and the group (3.17) as in Section [3.2]

When v is the identity element, one has V, =V, N, = 0, and W, = W. The generators

oot ™ 2y -1, of the invariant ring S*TX belongs to the same class in Jacw, so
that
0 k<-1
dim (HO(dW) @ x&*)" = - 3.116
m (1aw) @) =10 FE 3.116

The same reasoning as in Section shows that v = 0 contributes k to HH* for i > 0
and HH** for i > 2.

Contributions from non-trivial v is the same as in Section [3.6 except that the coordinate
xo behaves exactly the same way as other coordinates. The result is summarized as

HH°(Y) = k, (3.117)
HH'(Y) = k%2, (3.118)
HH™(Y) =k fori>0 (3.119)
for n = 2,
HH®(Y) = k, (3.120)
HH'(Y) 20, (3.121)
HH?(Y) = k%%, (3.122)
HH?*(Y) 2 0, (3.123)
HH*"(Y) =k fori>0 (3.124)
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for n = 3,

HH"(Y) 2k fori >0
for n = 4, and so on.

Similarly, the case

with the same weight (3.44]) and the group (3.45)) as in Section gives

HH"(Y) =~ k,
HH' () = k*?,
HH™(Y) =k fori>0

for n = 2,

for n = 3, and so on.

4. GENERATORS AND FORMALITY

29

We use the same notation as in Section [2| (see and in particular), and assume
the existence of a tilting object E of mf ([A"/T'], w). Here, an object E of mf ([A"/T'], w)
is tilting if the cohomologies of the endomorphism dg algebra end F is concentrated in
cohomological degree 0 and mf ([A"/I'], w) is generated by F by shifts, cones, and direct
summands. Let & be the pull-back of E to mf ([A},/T],w), so that one has End(€) =
A% ® k where k = k[U] is the coordinate ring of U and A” := End E. Let further 8 be the
push-forward of € to mf ([A}}H / F] ,W), considered as an object of coh % via a variation

mf ([AF™/T], W) ~ coh &

(4.1)
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of [63, Theorems 16], which can be proved by a straightforward adaptation of the original
proof (see the proof of Theorem [4.1| below). The relation between push-forward of matrix
factorizations and Orlov’s theorem is discussed in [44].

Theorem 4.1. The object 8 split-generates perf %

Proof. For the simplicity of notation, we assume I' = G,,, so that ¢ is an anti-canonical
hypersurface in P := Py (dy, .. .,d,); the extension to the general case is straightforward
(cf. e.g., [80, Section 3]). We write R = k[zq,...,z,]/(W) and R = k[z1,...,2,]/(W) =
R/(z0) = Rok. We will work with D%, (gr R) and D%, (gr R) instead of mf ([A};/T], w)
and mf ([A"' /T ;W) , which are equivalent by [63, Theorem 39]. Here D%, , (gr R) is the
quotient of D gr R by the full subcategory consisting of bounded complexes of projective
modules, denoted by D, (R) in [63], and similarly for Dj,, (er R). Since the object
R/(x1,...,2,) of Db, (gr R) can be described as a cone constructed out of &, and its
push-forward to D}, (gr R) is R/m where m = (zo, ..., z,), it suffices to show that the

images of R/m(i) for i € Z under the equivalence
b ~
Dy (gr R) = coh @ (4.2)
split-generate perf 2. Since R is the quotient of a polynomial ring in n 4 1 variables by

the ideal generated by a homogeneous polynomial whose degree is the sum of degrees of
the variables, one has

, , kl-n| 1= —j,
homp(R/m(~i), R(j) = { & " 1= (4.3
0 otherwise.
Now [63, Lemma 15] gives semiorthogonal decompositions
D*(gr R=) = (Do, S>0) = (P>0,To) (4.4)
and the proof of [63, Theorem 16] gives equivalences
Dy = coh?, To=Dj,(erR), (4.5)
and an equality
Dy = To, (4.6)

where D°(gr R>g) is the derived category of finitely-generated non-negatively graded R-
modules, and Ss¢ and Ps( are its full subcategories generated by torsion modules (i.e.,
modules M such that m*M = 0 for some k& € N which may depend on M) and free

modules respectively. In order to send an object Z € Dé’ing(gr R) by the equivalence
DYy (gt R) = Ty = Dy = coh ¥, (4.7)

we

(1) find an object Z € D’(gr R>q) which goes to Z by the localization functor
D*(gr R>o) — Di,.(er R),
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(2) take the semiorthogonal component M of Z, i.e., find a distinguished triangle
M —Z— N — M[1] (4.8)

such that M € Ty = +Pso and N € P>, and
(3) take the image M of M by the localization functor m: D®(gr R>¢) — coh &

If we start with Z; = (R/m)(—i)[—n + 1] for 0 < i < h, then
Cone ((R/m)(—i)[—n] — R(—1)) (4.9)
belongs to S;, which is equal to P, in the semiorthogonal decomposition
D*(gr R>o) = (P>0,To) = (P>, R(—i+ 1), R(—=i +2),...., R, To). (4.10)

Since (R/m)(—1i) is orthogonal to R(—i + 1),..., R and its image in coh % is zero, the
image M; € D’ coh % of the semiorthogonal component M; € Ty = D, of Z; is isomorphic
to the image of the semiorthogonal component of R(—i).

Let T = klzo,...,z,| be the coordinate ring of the ambient space P. The fact that
deg W = h implies the existence of an isomorphism

homgrR (R(—Z), R(_])) = homng (T<_Z)7 T<_j))

of k-modules for 0 < j < ¢ < h, so that the operation of taking the semiorthogonal
component of R(—i) is the same as that for the polynomial ring T'. The resulting object
M, is the restriction to % of the object F; in coh P obtained by mutating Op(—1i) across
Op(—i+1),...,0p(—1). Since mutation preserves fullness of the collection, the collection

(F;)i=4 is full by [7]. Now [68, Lemma 5.4] shows @;:01 M, split-generates perf . [

It follows from [81], Theorem 1.1] that a choice of a section of w AU (x) gives an isomor-

phism End(8) & A® Oy, where A is the degree n— 1 trivial extension algebra of A°. (The
definition of the trivial extension algebra is recalled in Section [I} see (1.33)).) Let A be
the minimal model of the Yoneda dg algebra end (8), so that one has a quasi-equivalence

Qcoh & ~ Mod(A) (4.11)

of k-linear pretriangulated A, -categories.

Let Ay = A®ik be the A -algebra over k obtained by restricting A to the origin 0 € U.
By using a Gy,-action, we can prove the following:

Theorem 4.2. Ay is formal.

Proof. We fix a G,-equivariant structure on 8y with respect to the Gy,-action (zg, 1, ..., T,) —
(axo, 21, . ..,7,) on A" in such a way that End"(8y) & End"(E) is G-invariant (this
is possible since 8 is obtained by push-forward from an object on the G,-invariant sub-
space). Note that wyn+1(x) is isomorphic to Ogn+1 as a I-module, but has weight 1 with
respect to the G-action. It follows that the weight for the G,-action on End"*(8,) =
(EndO(E))V is one. This shows that the cohomological degree on the N-graded algebra
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End*(8p) is (n — 1) times the Gp,-weight. Since the group G,, is reductive, the chain
homotopy to transfer the dg structure on end(8y) to the minimal model Aq can be cho-
sen to be G-equivariant, so that the resulting A..-operations are G,,-equivariant. Since
the A-operation p? has the cohomological degree 2 — d and the cohomological degree is
proportional to the G,,-weight, one must have u? = 0 for d # 2. U

As a result, we have an isomorphism
HH*(A) = HH"*(Y,) (4.12)

of graded vector spaces. Moreover, the proof of Theorem [4.2shows that the ‘cohomological
degree minus length’ grading on the left hand side is mapped to (n — 1) times the weight
of the G,,-action.

5. MODULI OF A.,-STRUCTURES
We prove Theorem [.6]in this section.

Proof of Theorem[1.6. We use the same notations as in Section . Corollary and
together with [65, Corollary 3.2.5] shows that the moduli functor of A,-structures on A is
represented by an affine scheme Uy, (A). We define the morphism as the classifying
morphism for the family A of minimal A, -structures on A over U. We consider the Gy,-
action on % as in , and equip 8 with the G,-equivariant structure such that End(8)
is G-equivariantly isomorphic to A ® k, where the G,,-weight on A is proportional to
the cohomological grading as in the proof of Theorem . Then the dg algebra end(8) is
also Gy-equivariant, and so is the A,-algebra A. This means that the morphism (|1.34])
is G-equivariant.

In order to prove that ¢ is an isomorphism, first assume that dy = 1 and G :=I'/¢p(Gy,) is
the trivial group. Recall from [56], Section (A.5)] that an R-polarized scheme consists of
a projective scheme Y, an ample Weil divisor X C Y, and an isomorphism R/tR = R of
graded k-algebras, where R := @;° H*(Oy (iX)) and t € Ry is the element corresponding
to 1. It is shown in [56, Proposition A.6] that U is the fine moduli space of R-polarized
schemes, and the universal family is given by the coarse moduli scheme ) of . We will
show that one can reconstruct the family ) of E—polarized schemes from the family A of
A-algebras. Then the fine moduli interpretation of U gives a morphism v from the image
of ¢ to U such that 1) o = idy. This implies that the map on tangent spaces induced by
¢ is an injection, and hence an isomorphism since dim U = dim HH?*(A) o > dim Uy, (A).
Since ¢ is a Gy -equivariant morphism from an affine space to an affine scheme with good
Gm-actions inducing an isomorphism on tangent spaces, it is an isomorphism of schemes.

In order to reconstruct the family ) — U of schemes from the family A of A, -algebras,
first note from Theorem that Oy (7) for any i € Z can be described as a particular
object obtained from the generator § by taking shifts, cones, and direct summands. This
allows one to reconstruct the Z-algebra (Hom’(Oy (i), Oy (j))) up to isomorphism
from A. Recall that

1,JEL
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e a Z-algebra as defined in [11] is a category whose set of objects is identified with
Z?

e a module over a Z-algebra C' is a contravariant functor from C' to the category of
vector spaces,

e the category Gr C of C-modules is a Grothendieck category,

e a C-module is torsion if it is a colimit of modules M satisfying M (i) = 0 for i < 0,

e the category QgrC' is defined as the quotient GrC'/TorC' of GrC' by the full
subcategory Tor C' consisting of torsion modules,

e a Z-graded algebra B = @p,_, B; gives a Z-algebra B = b
and

e one has Qgr B = Qgr B for any Z-graded algebra B.

icz ijez Bij by Bij = B;_j,

See e.g. [83] Section 2] and references therein for more on Z-algebras and their Qgr. Note
that Hom®(Ou (i), Oz (j)) = Hom?(Oy(i), Oy(j)) for any i,j € Z. The abelian cate-
gory QcohY can be reconstructed from the Z-algebra (Hom’(Oy (i), Oy(j)))i’j <y (since
Qcoh Y is the Qgr of the graded ring @, H°(Oy(i)), and (Hom®(Oy (i), Oy(j)))”.GZ is
isomorphic to the Z-algebra associated with this graded ring), which in turn allows the
reconstruction of ) by the Gabriel-Rosenberg reconstruction theorem. This allows us to
recover the monoidal structure on Qcoh ), and hence the Z-graded ring @, ., H°(Oy (1)),
from the A.-algebra A.

€L

Since coh X is a semiorthogonal summand of mf ([A"/T'],w) by [63, Theorem 16] and
the isomorphism End F = A° is given, one has a fixed isomorphism of the homogeneous
coordinate ring of the divisor X x U at infinity with R ® Op. This concludes the recon-
struction of the family of R-polarized schemes from the family of A,.-algebras in the case
when dy = 1 and I' = ¢(G,y).

When T' 2 ¢(G,,), then G :=T'/$(G,,) acts on R, and hence on X. The affine space U,

defined in Section [2| as the fixed locus of the natural G-action on the positive part of U , 18
the fine moduli scheme of R-polarized schemes equipped with a G-action extending that
on X by [56, Theorem A.2]. Now one can run exactly the same argument as above to
show that ¢ is an isomorphism.

The generalization to the case where dy # 1 is completely parallel to the generalization
to the case where I' 2 ¢(Gy,) given above; if one introduces a variable ¢ of degree 1 and

set zo = t%, then U is the fixed locus of the 1 4,-action on the positive part of U induced
by pg, 3 (: (21, ..., 20) = (Chay, ..., (%), O

6. HOCHSCHILD COHOMOLOGY OF THE FUKAYA CATEGORY OF THE MILNOR FIBER

For an object a of an A-category &, the left Yoneda module %! € Mod o/°P is defined
on objects by

W (x) = hom, (a,z). (6.1)

a
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The right Yoneda module %7 € Mod & is defined similarly by

% (r) = homy(x,a). (6.2)
The functors
W' AP = Mod /P, as X (6.3)
and
' of - Modot, a— %' (6.4)

are full and faithful by the Yoneda lemma.
An (o, A)-bimodule X defines functors

(—) ®y X: Mod &/ — Mod £ (6.5)
and

X ®4 (=): Mod Z° — Mod 7. (6.6)

For a functor F': &/ — A, the graph bimodule ' is the (7, %)-bimodule defined on
objects by

Lp(b,a) = homg(b, F(a)) (6.7)
for a € o/ and b € #A. One has
Yy Qo U'r = Yy (6.8)
and
(T © 27" () = homay(b, F(a)). (6.9)
Note that implies
Tr @z Vi =Y, (6.10)

if F'is full and faithful.

The Hochschild cohomology of an A,-category 7 is defined as the endomorphism of the
diagonal bimodule, which in turn is defined as the graph bimodule A, = T4, of the
identity functor id, .

Theorem 6.1 ([46, Theorem 4.6.b)]). Let X be an (<f , B)-bimodule. If the functors

Y'(—) Ry X: o — Mod A (6.11)
and
X ®@up %' (—): B — Mod o/P (6.12)
are full and faithful, then there exists an isomorphism
HH* (&) = HH*(%) (6.13)

of graded vector spaces.
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See [46] and references therein for more on history, background, and enhancement of
Theorem [6.1]

Let V be the Milnor fiber of a weighted homogeneous polynomial w: C" — C with an
isolated critical point at the origin. The Fukaya category F (V) is a full subcategory of

the wrapped Fukaya category W (V) Let (S;)!_, be a distinguished basis of vanishing
cycles, and . be the full subcategory of F (V) consisting of (S5;)f,. We assume

dy=h—dy —---—d, #0. (6.14)
It is shown in [70, 4.c] that
(Ts, 0+ 0Ts,)" = [2dy), (6.15)
where Ty is the twist functor defined on objects as the cone of the evaluation morphism;
x +— Ts(z) = Cone (hom(S, ) ® S x) : (6.16)
It follows by [68, Lemma 5.4] that .# split-generates F (V), so that
F (V) = perf. (6.17)
and hence
HH* (F (V)) @ HH* (). (6.18)
Theorem 6.2. Under the assumption , one has an isomorphism
HH* (W (V)) @ HH* (%) . (6.19)

Theorem fails without (6.14)); one can take W = 22 + y? as a counter-example.

Recall that a Liouville manifold is said to be non-degenerate if there is a finite collection of
Lagrangians such that the open-closed map from the Hochschild homology of the full sub-
category of the wrapped Fukaya category consisting of them to the symplectic cohomology
hits the identity element [2]. Any Weinstein manifold is non-degenerate [16], 32].

Theorem 6.3 ([31]). If V is a non-degenerate Liouville manifold, then one has
SH* (V) 2 HH* (W (V). (6.20)

Theorem [6.2 combined with Theorem [6.3| gives a proof of [71, Conjecture 4] in our case:
Corollary 6.4. Under the assumption (6.14)), one has an isomorphism

SH* (V) = HH* (F (V). (6.21)
To prove Theorem , we apply Theorem to the case where & = ., =W (V),

and X is the graph of the inclusion functor. To show that the functor (6.12)) is full and
faithful, we use Proposition [6.5] below:
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Proposition 6.5. Let of be an A -category whose set of objects consists of finitely many
spherical objects Si, ..., Sy, and A be another A -category equipped with a full and faithful
functor F: of — AB. Assume the following:

(i) For any S € o/ and any L € B, the complex hom(L, F(S)) of k-modules is perfect.
(i) There exist a positive (resp. negative) integer m and an isomorphism

Tr(s,) 00 Tres) ~ [m] (6.22)

of endofunctors on A.
(iii) For any K,L € A, the complex hom(K, L) is bounded below (resp. above).

Then the functor
Ir®g %' (—): B — Mod &7/°P (6.23)
15 full and faithful.
Proof. Set
G =Tr®g(—): Mod #° — Mod o/". (6.24)

We henceforth sometimes omit 2! and F to avoid unnecessarily heavy notations. Recall
that the dual twist functor, defined on objects as the shifted cone of the coevaluation
morphism

x> T¢(z) == Cone (m LA hom(z, S)" ® S) [—1], (6.25)

is inverse to the twist functor. For any K € %, one has distinguished triangles

Tg/klng/H(K) >T5YM(K) ;
hom (T4 (K), Su1) @ S hom (K, S,)" @ S,
(6.26)
in Mod #. The octahedral axiom and ((6.22)) give a distinguished triangle
K[-m] % K = K, — K|-m+1] (6.27)
for some K € perf.o/. The shift
K[—2m] 2% Klom] = Ki[-m] = K[-2m + 1] (6.28)

of (6.27) and the octahedral axiom give an object K, € perf .o/ and distinguished triangles

pop[—m]

K[—2m)] K — Ky = K[-2m + 1] (6.29)

and

Ki[-m] = K» 25 K, — Ki[-m + 1]. (6.30)
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By iteration, one obtains a sequence

S K, S K, (6.31)
and distinguished triangles
K[—im] 2o00m0ml e i ey K—im 4 1] (6.32)
and
Ki[—im] = Kiv1 25 K, — Ki[—im + 1] (6.33)
fori=1,2,.... For any S € & and any j € Z, one has isomorphisms
(=) ot hom! (K;, S) = hom’ (K;,4, S) (6.34)
and
(=) om;: hom? (K;, S) = hom? (K, S) (6.35)
for ¢ > 1 because of Assumption , so that
colim; hom(K;, S) ~ hom(XK, S) (6.36)
and hence
colim; ZY(K;) ~ G o #'(K) (6.37)

in Mod &7°P by (6.10). Now for any L € 4, one has
homyjog oor (G oW (K),G o @l(L)) ~ homyjoq orop (colimi W K;),G o @1(11))
~ hm homModﬂop (gl(Kl), Go g/l(L»

~ lim homges (F(K;), L)

(6.38)
(6.39)
~ lim homytoq s (%' o F(K;), 7' (L)) (6.40)
(6.41)
~ homges (K, L), (6.42)

where (6.42) comes from the isomorphisms

;o (=): hom! (L, F(K;11)) = hom’ (L, F(K;)) (6.43)

and
n; o (—): hom’(L, K) = hom’ (L, F(K;)) (6.44)
for any j and sufficiently large ¢ depending on j, which in turn come from Assumption
using the distinguished triangles and . 0

Assumption in Proposition is satisfied in our case by Lemma below.

Lemma 6.6. Let V be the Milnor fiber of a weighted homogeneous isolated hypersurface
singularity. If dy is positive (resp. negative), then for any K, L € W (V), the complex
hom(K, L) is bounded below (resp. above).
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Proof. By applying a small Hamiltonian isotopy to K and L if necessary, one may assume
that a basis of hom(K, L) consists of intersection points in the interior of the Liouville
domain and Hamiltonian chords in the symplectization end. The former is finite and
hence their Maslov indices are bounded. The latter correspond bijectively to Reeb chords
between Legendrians on the contact boundary. The contact boundary can be identified
with the link of the weighted homogeneous singularity in such a way that the Reeb flow
on the link is the circle action acting on the coordinates with weights (dy, ds, ..., d,) (see
[70, 4.c]). The Reeb flow is periodic; the time one Reeb flow is the identity, corresponding
to going around the S* once. We say a Reeb chord is short (resp. long) if the length is less
than or equal to (resp. greater than) one. Because the Reeb flow is periodic, every long
Reeb chord is a concatenation of a short Reeb chord and a Reeb orbit. The set of Reeb
chords form non-degenerate Morse-Bott components, and only finitely many components
consists of short chords. Any component consisting of long chords is obtained from a
component consisting of short chords by concatenating Reeb orbits. In [70, Lemma 4.15],
the index cost of going around the circle once was computed to be 2d,. Since dy # 0 by
assumption, additivity of Maslov index implies that the complex hom (K, L) is bounded
below (resp. above) if dy is positive (resp. negative). O

Corollary 6.7. Let V be the Milnor fiber of a weighted homogeneous isolated hypersurface
singularity satisfying (6.14). Then there exists an isomorphism

HH*(W(V)) = HH*(F(V)). (6.45)
Remark 6.8. Proposition and Lemma m give a full and faithful functor W (V) P
Mod F (V)Op. By using right modules instead of left modules, one can obtain a full and

faithful functor W (‘7) — Mod F (V) . Note that there exists a full and faithful functor
coh X — Qcoh X ~ Mod (perf X) for a perfect stack X.

Remark 6.9. An isomorphism
HH*(coh X') = HH* (perf X) (6.46)

similar to ((6.45)) exists for a derived stack X of finite type over a perfect field [66, Corollary
B.5.1.(i)].

Remark 6.10. Combined with the isomorphism

HH* (W (V)) 2 HH,_, (W (V)) (6.47)

induced by a smooth Calabi-Yau structure on W(V') and the isomorphism
\Y

HH* (F (V)) ~ HH,_, (F (V)) (6.48)
induced by a proper Calabi—Yau structure on F (V), (6.45]) gives an isomorphism
HH, (W (V)) ~ HH, (F (V))". (6.49)

The appearance of the linear dual in (6.49) is consistent with the fact that F (‘7) and
w (V) are not Morita equivalent.
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Theorem 6.11. In addition to , assume that the full exceptional collection (S;)i_,
in F (W) is strong, and that there exists a sequence (L;)t_, of objects generating W (V)
such that

dimy hom™(L;, S;) = 9,5, 1<id,j <p, (6.50)

where d;; is the Kronecker delta. Then there exist equivalences
Fun® (.7-" (\7) , perf k) ~ W (V) , (6.51)
Fun®™ (W (V) , perfk) ~ F (V). (6.52)

Proof. Let .# = end (P!, S;) and # = end (P'_, L;) be the endomorphism A.-
algebras of the generators, which are augmented over the semisimple ring k := k** because
of (6.50). The assumption (6.50) should be understood as a Koszul duality between %
and ¥/,

F ~ homy (k, k), (6.53)
WP ~ homgoep(k, k). (6.54)

The quasi-isomorphism ((6.53]) is obtained as the composition of the sequence

7 = endy (@ S) (6.55)
~ endyyp) (Qj SZ) (6.56)

~ endy (k) (6.57)
of quasi-isomorphisms, where (6.57) comes from the fact that the functor

hom,,, (@ Li, —) (V) — Mod # (6.58)

is fully faithful since @), L, generates W (V) and sends @, S; to k. The quasi-
isomorphism (6.54)) is obtained similarly using Proposition [6.5]

It follows from [79, Theorem 7.2] that the k-linear oco-category of exact functors on the
left hand side of is equivalent to the full subcategory of Mod.%# consisting of .7 -
modules which are perfect as k-modules. Since the cohomology algebra of .# is the trivial
extension algebra of the total morphism algebra of a strong exceptional collection, the
augmentation ideal of .# ~ endy (k) is nilpotent. It follows that the full subcategory of
Mod .# consisting of .#-modules which are perfect as k-modules is generated by k, and
hence is equivalent to perf # ~ W (V), which is generated by @, L;.

For any K € Fun™ (W (V) , perfk) (which can be identified with a #'-module which is

perfect as a k-module), the smoothness of W (V) shown in [31, Theorem 1.2] implies that
the cohomology of end(K) is bounded. If follows that the morphism ¢ o --- o ¢[—(i —
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)m]: K[—im] — K in (6.32) is zero for ¢ > 1, so that K is a direct summand of an
object K; of F (V), and hence K itself is an object F (V) by our convention that all
Fukaya categories are idempotent-completed. This shows (6.52)), and Theorem is
proved. 0

Remark 6.12. Koszul duality between endomorphism algebras of generators of compact
and wrapped Fukaya category have been observed in [23] 22| [53] 54}, [75], [55].

7. SYMPLECTIC COHOMOLOGY OF THE MILNOR FIBER

In this section, we recall a spectral sequence converging to SH* (V) associated to a normal

crossings compactification of V' due to [59, [35]. It is based on a standard model of the Reeb
flow in a neighborhood of compactification divisor and can be perceived as an elaborate
version of the standard Morse-Bott model discussed in [69] when the compactification
divisor is smooth. See also [34] and [I7] for related results.

Let Y be a smooth projective variety containing an affine variety with ¢, (\7) = (0 in such
a way that D ==Y \ V is a normal crossing divisor;
D=JD. (7.1)
iel

For J C I, we set D; = (.., D;, and also set Dy = V.

ieJ
Choose a sequence r = (k;)ies of positive integers such that the divisor ., k;D; on
Y is ample. Let (ci)ier be another sequence of integers such that >, _, ¢;D; is linearly
equivalent to the canonical divisor of Y. When Y is a Calabi-Yau manifold, one can set
¢;=0foralliel

Still following [59, 35]1 for each J C I, we let ND; be a small tubular neighborhood of

D; such that ND,N D, is a tqbular neighbovrhood of Dy forall J' C I. Moreover, we
require that the boundary ON D intersects D for all J' C I. Next, we let

NDj = NDj\ Ui D; (7.2)
be the punctured tubular neighborhood.
Theorem 7.1 (|59, B5] (see also [34, Remark 3.17])). There is a cohomological spectral

sequence converging to SH*(V') with Ey-page given by
E;fﬂ _ @ Hp+q—2 > ki(ei+1) (NDJ(ki)) (73)
{(k)eZLy| T kiri=—p}
where Ji,,) = {i € I | k; # 0}.

Since k; is positive for all 4, for each p, we have E}"? # 0 only for finitely many ¢, and is
a finite sum of finite-dimensional vector spaces. Moreover, if ¢; > —1 for all i, then the
spectral sequence is regular.
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We will apply this spectral sequence to deduce SH* (\7) =0, where V is the Milnor fiber
of a weighted homogeneous singularity.

Corollary 7.2. Let V be the Milnor fiber of a weighted homogeneous polynomial with an
isolated critical point at the origin, do > 0 and dim V' > 2, admitting a compactification
to a Calabi—Yau manifold by adding a normal crossing divisor. One has SH" (V) =0 for

i <0, SH” (V) =C, and SH' (V) = 0.

Proof. Since V is simply connected, we do not get any contribution from H'(V) = 0.
The vanishing of ¢; and the positivity of x; imply that the orbits coming from the normal
crossing divisor contribute to SH" (V) for ¢ > 2. U

Now we can prove a generalization of the non-formality result in [47], which corresponds
to the case w = 22 + 3.

Theorem 7.3. Under the same assumption as Corollary[7.4, A is not formal.

Proof. By Corollary , we have HH'(A) # 0. On the other hand, we know by Corol-
lary m that HH'(A, A) is isomorphic to SH'(V'), which is zero by Corollary Hence
we conclude that A is not formal. O

A non-zero element of HH'(A) is given by the Euler derivation defined by
eu(z) = deg(x)z. (7.4)

Recall that for any A.-algebra o/ with H*(27) = A, there exists a length spectral se-
quence converging to HH*(«7) with Ey-page given by Ey? = HHP™(A),. It is shown in
[68, Equation 3.14] that the class of the Euler vector field is killed by the differential on
E5 if o7 is non-formal.

In dimension 2, Theorem [7.3| can also be proved as follows: If A is formal, then HH*(A) =
HH*(Y}) has a dilation since the BV operator on HH*(Yj) induced by the holomorphic
volume form sends eu/2 € HH' to 1 € HH®. On the other hand, SH* (‘7) cannot have
a dilation due to the existence of an exact Lagrangian torus in V' proved in [42]. Note
that this argument uses that the BV operator on SH* (V) agrees with BV operator on
HH*(A), which holds since any two BV operators differ by an invertible element in HH,
which is of rank 1 in our case.

We give computations of the spectral sequence in a few examples.

7.1. The affine quartic surface. Let V = w~!(—1) be the Milnor fiber of the quartic
polynomial w(z,y, z) = 2* + y* + 2%, which can be compactified to a quartic K3 surface
Y in P? by adding a smooth curve D of genus 3. We can take x = 1 and ¢ = 0, so that
the E)-page of the resulting spectral sequence is given in Table [7.1]
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q
c& 0 0 0] :
C C 0 09
0 C5 0 08
0 C6 0 0|7
0 C C 0|6
0 0 C 0|5
0 0 C5 04
0 0 C 03
0 0 0 C¥ 2
0 0 0 01
0 0 0 C|o0
b ... =2 -1 0

TABLE 7.1. E; page of the spectral sequence for x* + y* 4 z*.

We immegliately conclude that SH°(V) = C, SH' (V) = 0, SH*(V) = C*, SH*(V) = C¢,
and SH' (V) = C® or C7 for 7 > 3.

More generally, let V = w~!(—1) for the polynomial
W(xy,. .., x,) = 2T g (7.5)

which compactifies to a Calabi-Yau hypersurface of degree n + 1 in P" by looking at the
zero set of W (zg, z1,...,2,) = 207 4+ ...+ 27" in P". The smooth divisor at infinity
D is defined by w = 0 in P"' = {2y = 0}. By standard arguments (cf. [I9]) we can
compute the cohomology of D as follows:

C x = 2k, for 0 <2k < (n—2)
H*(D) = clal+com o (7.6)
C « = 2k for (n — 2) < 2k < 2(n —2).

In view of the Lefschetz hyperplane theorem, the only non-trivial part of the computa-
tion is the Betti number b,_o(D). This can be computed via the formula b, _o(D) =
(=1)"(x(D) — 2 |%]) and the Euler characteristic can in turn be computed via Chern

classes to be —=((=1)"n" +n(n +1) —1).

The circle bundle ND has Euler class (n 4 1) times the hyperplane class. This implies
via the Leray—Serre spectral sequence that the cohomology of N D is given by

C x =0
H*(ND)={cl& I+ w—n_2n—1 (7.7)
C x = 2n.
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As for the Milnor fiber, the homotopy type is given as a wedge of p spheres where Milnor
number p = n" for w. Thus, we have

* (1) C *:Oa
H (V) = {cn" o (7.8)

In constructing the spectral sequence we can, as before, take x = 1 and ¢ = 0. From
the spectral sequence, we can immediately conclude that for n > 3, we have SH(V) =
C,SH*(V)=0,SH?*(V)=C and SH" }(V) =C"" or C"" 1,

7.2. The double cover of the plane branched along a sextic. Let V = w~'(—1) be
the Milnor fiber of the polynomial w(z,y,z) = 2% + y° + 2%, which can be compactified
to the double cover Y of P? branched along a smooth sextic curve by adding a smooth
curve D of genus 2. We can take x = 1 and ¢ = 0, so that the F}-page of the resulting
spectral sequence is given in Table [7.2]

q
c* 0 0 0] :
C C 0 09
0 C* 0 08
0 C* o0 0|7
0 C C 0|6
0 0 C* 0|5
0 0 C* 04
0 0 C 03
0 0 0 C» 2
0 0 0 01
0 0 0 C|o0
b —2 -1 0

TABLE 7.2. E; page of the spectral sequence for x? + ¢° + 25.

We immediately conclude that SH’(V) = C, SH'(V)) = 0, SH*(V) = C*, SH*(V) = C*,
and SH*(V) = C* or C® for i > 3.

More generally, let V = w~!(—1) for the polynomial
W(T1,. .. Ty) =25 + a5 4 " (7.9)

which compactifies to a Calabi-Yau hypersurface in P(n, 1,1, ..., 1) by looking at the zero
set of W (g, z1,...,2,) = 23" + 22 + 23" + ... + 22" in P(1,n,1,1,...,1). The smooth
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divisor at infinity D is defined by w = 0 in P(n,1,...,1) = {zy = 0}. By standard
arguments (cf. [19]) we can compute the cohomology of D as follows:

C x = 2k, for 0 <2k < (n —2)
H* (D) = { cl® ™=+ -0+ =9 (7.10)
C « = 2k for (n — 2) < 2k < 2(n —2).

In view of the Lefschetz hyperplane theorem, the only non-trivial part of the computa-
tion is the Betti number b, (D). This can be computed via the formula b,_o(D) =
(—1)"(x(D) — 2|251]) and the Euler characteristic can in turn be computed via Chern
classes to be 5=((—1)"(2n — 1)" ' + 2n(n — 1) + 1).

The circle bundle N D has Euler class 2n times the hyperplane class. This implies via the
Leray-Serre spectral sequence that the cohomology of N D is given by

C x =0
H*(ND) = CL(Qn_22n71J+(_I)2n+1 x=n—2,n—1 (711)
C * = 2n.

As for the Milnor fiber, the homotopy type is given as a wedge of u spheres where Milnor
number p = (2n — 1)"~! for w. Thus, we have

* (1) (C * = 07
H (V) = {(C(Qn—l)nl =1 — 1 (712)

In constructing the spectral sequence we can, as before, take x = 1 and ¢ = 0. From
the spectral sequence, we can immediately conclude that for n > 3, we have SH?(V) =
C,SHY (V) =0,SH*V) = C and SH" (V) = Ce=D""" or CEn-1"""-1,

8. HOMOLOGICAL MIRROR SYMMETRY FOR MILNOR FIBERS
We prove Theorem [1.7]in this section.

Proof of Theorem[I.7, Let V = {(z1,...,2,) € C" | 2™ + -+ 27" = 1} be the Mil-
nor fiber of w = a7 4 ... 4 27+ A distinguished basis (S;)/", of vanishing cycles
generates the compact Fukaya category of V, and the cohomology A of the total mor-
phism A.-algebra A := @’:;Zl hom (.5;, S;) is the degree n — 1 trivial extension algebra
of the tensor product A¥™ of the Dynkin quiver 2, of type A,. The A,-algebra A is not
formal by Theorem , and HH*(F(V)) is isomorphic to SH*(V') computed in Section .

The graded algebra A also appears as the cohomology of the Yoneda dg algebra A, of
a generator 8, of perfY, where Y, for u € U := Spec Cluy, u, 1] is the quotient stack
[(Spec S, \ 0)/T] for S, = Clag,...,z,)/(@}T + -+ + 27 + wgwg -2 + Upprzp ™)



MODULI OF A,-STRUCTURES 45

and ' = {(t1,...,t,) € G, } i = ... =1} The moduli space Us(A) of minimal
A_o-structures on A is identified with U.

In order to identify u € U satisfying A ~ A,, we compare HH*(A,) and HH*(A) =
SH*(V) as graded vector spaces. Since SH*(V') is infinite-dimensional over k, the mirror
Y. must be singular. Up to the action of G, on U, there are precisely two non-zero
u € U such that Y, is singular, i.e., (u1,un41) = (1,0) and (—n — 1,1). The Hochschild
cohomologies of these singular stacks are computed in Sections and Comparing

this with SH*(V') computed in Section , we conclude that the mirror of V' is the stack
associated with (uy, u,41) = (1,0).

The equivalence (|1.41)) follows from ((1.40)), (6.51)), and
Fun®™ (perf[Z/ K], perf k) ~ coh[Z/ K] (8.1)

in [9, Remark 1.1.6.(ii)]. The assumption (6.50]) for Brieskorn—Pham singularities is proved
in [55, Section 2.1].

The proof for V = {(z1,...,2,) € C"* | 22 + 22" +--- + 22" = 1} goes along the same

lines. The cohomology A of the total morphism A.-algebra of a distinguished basis of

vanishing cycles is given by the degree n — 1 trivial extension algebra of Ql?n(ﬁl). The

moduli space Uy (A) of minimal A-structures is identified with U := Spec Clug, ugy,]
parametrizing Y,, := [(Spec S, \ 0)/T] for S, == C[xo, . .., z,]/ (23 4+ 23"+ - -+ 22" +ug, x2"+
uprdzd 22y and T = {(ty,...,t,) € G" | ## = 3" = ... = ¢*"} . There are precisely two
non-zero u € U up to the action of G, such that Y, is singular, i.e., (us, us,) = (1,0) and
ﬁ—n). The Hochschild cohomologies of these singular stacks are computed in Sections

.6l and Comparing this with SH*(V') computed in Section , we conclude that the
mirror of V' is the stack associated with (ug,us,) = (1,0). O
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