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Abstract. Let F be a singular fibre of a relatively minimal complex elliptic fibration with smooth total
space, and let Ω be a nonvanishing holomorphic two-form near F . We show that a small neighbourhood
of F is a Weinstein domain for Re Ω whose completion is a Legendrian surgery, with cocores obtained by
completing holomorphic disks transverse to the components of F . For any coefficient field and every
multiplicative bulk class, we compute the wrapped Floer cohomology of these cocores and prove that it
is concentrated in degree zero. The cocores generate, so the bulk-deformed wrapped Fukaya category
is equivalent to the category of perfect modules over an explicit algebra: a multiplicative preprojective
algebra of affine type for the normal crossing fibres, and a quiver algebra with relations for types II, III
and IV . Applications include formality of the affine plumbing dg algebras; mirrors given by resolved
affine surfaces at every classical bulk class for affine D, E and types II, III, IV ; and mirrors given by
quotient stacks of algebraic tori at root-of-unity bulk classes for the four affine stars.

1. Introduction

Let π : X → ∆ be a relatively minimal complex elliptic fibration with smooth total space, proper over
a disk, and with just one singular fibre,

F =
r∑

i=1
miCi,

and let Ω be a nonvanishing holomorphic two-form near F . A holomorphic disk transverse to Ci at a
smooth point of Fred is Lagrangian for Re Ω, and its projection to the base has degree mi. Our goal is
to determine the algebra of bulk-deformed wrapped morphisms between the exact planes obtained by
completing these disks.

Let W = {|π| ≤ ϵ} be a small neighbourhood of F . We show in Section 2 that W is a Weinstein domain
for Re Ω whose completion M = MF is a Legendrian surgery determined by the Kodaira type of F , and
that these planes are the cocores Li of its 2-handles (Theorem 2.1). For the normal crossing types the
attaching link is the link of the plumbing of two-spheres according to the dual graph of F ; for II, III and
IV it is the rainbow closure of σ3

1 , σ4
1 and (σ1σ2)3.

Fix a coefficient field k. A multiplicative bulk class is a character
b : H2(M ;Z) −→ k×,

equivalently a class in H2(M ; k×). It modifies Floer operations by assigning multiplicative weights to
holomorphic-curve counts, as described in Section 5.1. Since M retracts onto F , the component classes
[Ci] form a basis of H2(M ;Z), so b is specified by the independent parameters

qi = b([Ci]), q = (qi) ∈ (k×)r.

We write Wb(M) for the split-closed bulk-deformed wrapped Fukaya category. Its branes carry triviali-
sations of the bulk class along their Lagrangians; the contractible planes Li therefore define objects for
every b. When all qi = 1, this is the ordinary wrapped Fukaya category.

Write Λq(Q) for the multiplicative preprojective algebra of Crawley-Boevey and Shaw [CS06] with
vertex parameters qi, recalled in Equation (3.2), and let AF (q) be the algebra in Table 1; the algebras
AIII and AIV are the quotients of the path algebras of the quivers in Figure 9 by the relations (3.22)
and (3.23). Let ei ∈ AF (q) be the vertex idempotent corresponding to Ci and its cocore Li. We give the
cocores their holomorphic gradings, which restrict to grading zero on the transverse holomorphic disks
(Section 4.1).

1



2 YANKI LEKILI

Fibre AF (q)

In, n ≥ 1 Λq(Ãn−1)
I∗

n, n ≥ 0 Λq(D̃n+4)
IV ∗, III∗, II∗ Λq(Ẽ6), Λq(Ẽ7), Λq(Ẽ8)
II k⟨x, y, z⟩/(q + x + z + zyx, 1 + x + z + xyz)
III, IV AIII(q1, q2), AIV (q1, q2, q3)

Table 1. The algebras associated to Kodaira fibres; see Equations (3.2) and (3.21) to (3.23).

Theorem 1.1. Let F be a singular fibre, M the completion of a neighbourhood of F , and L1, . . . , Lr the
cocores obtained by completing holomorphic disks transverse to the components C1, . . . , Cr at smooth points
of Fred, with their holomorphic gradings. For any field k and every b ∈ H2(M ; k×), the Lagrangians Li

generate Wb(M) and

HW∗
b(Li, Lj ; k) =

{
ejAF (q)ei, ∗ = 0,

0, ∗ ≠ 0.

Their endomorphism A∞ algebra has minimal model AF (q). Consequently,

Wb(M) ≃ Perf AF (q).

We first realise M as a Legendrian surgery whose cocores are the completions of the transverse
holomorphic disks, and compute the Chekanov-Eliashberg dg algebra of its attaching link with bulk
parameters. Holomorphic graph-index calculations show that the wrapped Floer complex is supported in
degrees zero and one. On the other hand, the surgery algebra is concentrated in nonpositive degrees, and
the comparison of Proposition 5.3 identifies its cohomology with the wrapped endomorphisms. Therefore,
we conclude that cohomology is supported in degree 0 and that the canonical projection to degree-zero
cohomology is a quasi-isomorphism. Cocore generation then identifies Wb(M) with Perf AF (q).

Corollary 1.2. For any affine diagram Q occurring in Table 1, any field k, and any q ∈ (k×)Q0 , the
canonical projection

B
q
Q −→ H0(Bq

Q) ∼= Λq(Q)

is a quasi-isomorphism. Here B
q
Q is the plumbing dg algebra defined in Definition 3.4.

Remark 1.3. Kaplan and Schedler conjecture that the dg multiplicative preprojective algebra of every
connected non-Dynkin quiver is quasi-isomorphic to its degree-zero cohomology [KS23, Conjecture 1.3].
They prove this for quivers containing a cycle [KS23, Theorem 3.7 and Proposition 4.4]. Corollary 1.2
establishes the conjecture for every extended Dynkin quiver, over any field and at every parameter tuple;
the new cases are the affine D and E diagrams. The comparison with the plumbing dg algebra is explained
in Section 3.2. Together with Kaplan-Schedler’s self-duality theorem, this also proves the 2-Calabi-Yau
assertion of their Conjecture 1.1 [KS23] for affine D and E quivers, over any field and at every nonzero
parameter tuple; see Lemma 6.1.

For F = In (n ≥ 1), I∗
n (n ≥ 0), IV ∗, III∗ and II∗, let Q = Ãn−1, D̃n+4, Ẽ6, Ẽ7 and Ẽ8, respectively,

and write MQ for the completion of a neighbourhood of F , which by Theorem 2.1 is a plumbing of cotangent
bundles of two-spheres according to Q. For any fibre type, we call q classical if

∏
i qmi

i = b([F ]) = 1, and
put

SQ(q) = Spec Z
(
Λq(Q)

)
, SQ = SQ(1).

For affine D and E and classical parameters q, SQ(q) is a normal Gorenstein surface over any field by
Proposition 6.6.

Corollary 1.4. Over any field, let Q be affine of type D or E and let b have classical parameters q. Set
A = Λq(Q). For an extending vertex idempotent e, the Satake map Z(A) → eAe is an isomorphism, and
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A ∼= EndeAe(Ae) is a noncommutative crepant resolution. The surface SQ(q) admits a projective crepant
minimal resolution S̃Q(q) → SQ(q) with smooth source, and

Wb(MQ) ≃ Perf
(
Λq(Q)

)
≃ Perf

(
S̃Q(q)

)
.

For F = II, III, IV and classical q, put SF (q) = Spec Z(AF (q)). The algebra AF (q) is an NCCR of this
normal Gorenstein surface, whose projective crepant minimal resolution S̃F (q) has smooth source, and

Wb(MF ) ≃ Perf AF (q) ≃ Perf
(
S̃F (q)

)
.

Thus every classical bulk parameter gives a commutative mirror in these cases. At the trivial bulk
class, write S̃Q = S̃Q(1); the equations of SQ are

Ãn−1 xyz + xy + zn = 0
D̃n+4 xyz + xy2 − pn−1x2y − pnxz − z2 = 0

Ẽ6 xyz + z2 + x2z + y3 = 0
Ẽ7 xyz + z2 + y3 + x3y = 0
Ẽ8 xyz + z2 + y3 + x5 = 0.

Here p−1 = −1, p0 = 0, and pj+1 = x(pj + pj−1). These equations come from Shaw’s thesis [Sha05,
Theorem 4.1.1] (see also [KS23, Theorem 6.4 and Corollary 6.7]), with the type D sign corrected, as
explained in Section 6.2. For affine D and E, the origin is the only geometric singular point of SQ, a
k-rational du Val singularity of geometric type Dn+4, E6, E7 or E8, respectively.

For III and IV , the classical conditions are q1q2 = 1 and q1q2q3 = 1, respectively. Put q = q1 for
III, and α = q1, β = q1q2 = q−1

3 for IV . Their surfaces SF (q), together with the type II surface (whose
classical condition forces q = 1), have equations

II xyz + x + z + 1 = 0,
III xyz + x + y − qz + 1 + q = 0,
IV xyz + x2 + (1 + α + β)x + βy − αz + αβ + α + β = 0.

The type II surface is smooth. The type III surface is smooth unless q = 1, when it has one split A1
singularity. The type IV surface is smooth if no qi = 1, has one split A1 singularity if exactly one qi = 1,
and one split A2 singularity if all qi = 1. Write SF = SF (1) and S̃F = S̃F (1); at this parameter, the
singular point for III and IV is (−1, −1, 1).
Remark 1.5. For types II, III, IV and I∗

0 , the categorical mirror descriptions over C at the trivial bulk
class overlap with Beimler, Hu, Olsen and Shende [Bei+26, Theorem 1.1]. These overlaps arise from
Hitchin systems. The proofs are different, via microlocal sheaves and toric mirror symmetry there, and
via the algebras Λ1(Q) and AF (1) here.

At the trivial bulk class, Corollary 1.4 should also be obtainable, for every Q, from the general
homological mirror symmetry theorems of Hacking-Keating [HK22] and Varolgüneş [Var26] for affine log
Calabi-Yau surfaces, once MQ is identified with the Liouville completion of such a surface and their mirror
with S̃Q; some additional work is required.
Remark 1.6. For the cycles In, put

R = k[x, y, z±1]/(xy − z + 1).
Suppose that n is invertible in k and that k contains a primitive nth root of unity. Theorem 1.1
and proposition 3.11 give

W(MIn) ≃ Perf(R ⋊ µn) ≃ Perf
(
[Spec R/µn]

)
,

where µn acts on x, y, z with weights 1, −1, 0. The algebraic properties of the cycle algebras are established
in [KS23, Theorem 1.2 and Section 6.2]. For n = 1, this mirror equivalence is due to Pascaleff [Pas14]; the
general case follows from a covering argument (cf. [CU13]).

For the four affine stars, let (E, G) be a pair consisting of an elliptic curve E and a cyclic group G ∼= µN

of automorphisms fixing its origin. Let s be the number of cone points of E/G. The group order and
cone-point orders are:
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Q N (d1, . . . , ds)

D̃4 2 (2, 2, 2, 2)
Ẽ6 3 (3, 3, 3)
Ẽ7 4 (2, 4, 4)
Ẽ8 6 (2, 3, 6)

Label the central vertex by 0 and the vertices on the jth arm by (j, p), 1 ≤ p < dj , starting next to the
centre, and orient the arrows towards the centre. If k contains primitive djth roots ζj , define the bulk
class bgrp by

q0 = 1, q(j,p) = ζj ,

and denote this parameter tuple by qgrp. Let T be the underlying real torus of E, and put

Γ = π1(T) ∼= Z2, G2
m,k = Spec k[Γ],

with the induced G-action.

Corollary 1.7. Suppose that char k ∤ N and that the primitive roots ζj lie in k. For any such choice,
Wbgrp(MQ) ≃ WG(T ∗T) ≃ Perf

(
[G2

m,k/G]
)
.

Here WG denotes the equivariant wrapped Fukaya category, with the grading and relative spin background
specified in Section 6.4. All three categories have the algebraic model Perf(k[Γ] ⋊ G).

The equivalence between the equivariant cotangent category and the quotient-stack category requires
only char k ∤ N ; the roots are needed for the comparison with the plumbing. Proofs of Corollaries 1.4
and 1.7 are given in Section 6.

1.1. Crepant resolutions and Hecke algebras. For the four affine stars, we choose the complex model
MQ = Res(T ∗E/G),

the minimal resolution of T ∗E/G, identified with the completion above by an exact symplectomorphism
(Proposition 6.20). The exceptional curves over a cone point of order dj form the Adj−1 arm, while the
strict transform of the zero section is the central component. In the cotangent coordinate v, the function
vN defines a proper map f : MQ → C.

Our choice of roots of unity for the bulk parameters on the exceptional spheres parallels the crepant
resolution conjecture of Ruan [Rua06, Section 2] and Bryan-Graber [BG09, Conjecture 1.2]. That
conjecture relates the genus-zero Gromov-Witten theories of a quotient orbifold and its crepant resolution:
after analytic continuation and a change of cohomological variables, the parameters associated with
exceptional curves are specialised to roots of unity, while the remaining parameters stay free. For the
local Adj−1 singularities, this comparison is proved in equivariant quantum cohomology, with exceptional
parameters e−2πi/dj [Coa+09, Theorem A.1 and Corollary A.2]; related ADE computations appear in
[BG08]. Our wrapped Fukaya category calculation exhibits the same pattern of parameter specialisation,
but does not establish the Gromov-Witten correspondence for MQ.

Allowing the bulk parameter on the central sphere to vary deforms the quotient-torus mirror to a
quantum torus. Write q = q0. The parameters q(j,p) belong to the exceptional spheres, and q belongs to
the central sphere. Set q(j,p) = ζj and allow arbitrary q ∈ k×; denote the resulting bulk class by bgrp,q.
Under the field hypotheses of Corollary 1.7, we obtain
(1.8) Wbgrp,q

(MQ) ≃ Perf
(
AqN ⋊ G

)
, Aη = k⟨X±1, Y ±1⟩/(Y X − ηXY ).

The monomial action is the one described in [EOR07, Section 4.1]. At q = 1 this is Corollary 1.7.

Near the group-algebra point, there is also a comparison over a formal power series ring in the bulk
parameters, with coefficients in C. In this setting, [Hon+26, Theorem 1.6 and Example 7.4] identifies the
cohomology of the bulk-deformed regular cotangent fibre for [E/G] with Etingof’s orbifold Hecke algebra
[Eti17], with constant terms −1. It is concentrated in degree zero since E is a K(π, 1). This computation
concerns the fibre algebra; split-generation of that formal orbifold category is a further question.
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The central corner H = e0Λq(Q)e0 is the rank-one generalised double affine Hecke algebra of Etingof,
Oblomkov and Rains [EOR07]: with αja =

∏a
p=1 q−1

(j,p), it is generated by U±1
1 , . . . , U±1

s subject to

dj−1∏
a=0

(Uj − αja) = 0 (1 ≤ j ≤ s), U1 · · · Us = q,

see Section 3.5. Section 6.3 gives the parameter dictionary relating this presentation to Etingof’s formally
deformed orbifold Hecke algebra.

1.2. Hilbert schemes and higher rank. For n ≥ 1, put

Yn = Hilbn(MQ), Gn = G×n ⋊ Sn, Tn = T×n.

The Hilbert scheme is smooth of complex dimension 2n, with a projective symplectic resolution

Yn −→ Symn(T ∗E/G) ∼= (T ∗E)n/Gn.

The holomorphic symplectic form Ωn induced from MQ has weight one under cotangent scaling. If Vn

generates positive real scaling, then λn = ιVn
Re Ωn is a finite-type Liouville form. Its skeleton is the

underlying set of the zero fibre of the proper map

hn : Yn −→ Symn(MQ) −→ Symn(C) ∼= Cn.

The first arrow is the Hilbert-Chow map, sending a length-n subscheme to its support counted with
multiplicities; the second is induced by f . The skeleton includes nonreduced subschemes with transverse
directions when n > 1. Groechenig’s description [Gro14, Theorems 4.1 and 5.1] realises these complex
spaces as moduli of stable parabolic Higgs bundles of rank nN .

The higher-rank generalised double affine Hecke algebra Hn(u, τ) of Etingof-Gan-Oblomkov [EGO06]
has an interaction parameter τ . Put

Λq
n =

(
Λq(Q)

)⊗n ⋊ Sn.

At τ = 1, over any coefficient field,

(1.9) Hn(u, 1) ∼= e⊗n
0 Λq

ne⊗n
0 .

Section 6.3 gives the presentations, parameter dictionary (u ↔ q) and corresponding dg formality
statement.

When the roots ζj lie in k, the corner at qgrp is full and isomorphic to k[Γn] ⋊ Gn. Theorem 1.10 gives
the corresponding equivariant mirror equivalence when |Gn| is invertible in k.

Theorem 1.10. For every affine star and every n ≥ 1, suppose that Nnn! = |Gn| is invertible in k. Then

WGn
(T ∗Tn) ≃ Perf

(
k[Γn] ⋊ Gn

)
≃ Perf([G2n

m,k/Gn]).

The brane data are the canonical cotangent grading and the equivariant relative spin background π∗TTn,
where π : T ∗Tn → Tn is the cotangent projection. If k contains the roots ζj, these categories are also
equivalent to Perf(Λqgrp

n ).

The theorem concerns the equivariant cotangent category. For the smooth resolution Yn we formulate a
different comparison. Let Vn be the tautological rank-n bundle, whose fibre at Z is H0(Z,OZ), and define

(1.11) bcoll(β) = (−1)⟨c1(det Vn),β⟩, β ∈ H2(Yn;Z).

This character is 1 on classes coming from H2(MQ;Z) and −1 on a Hilbert-Chow exceptional line. In
the conjecture below, Wbcoll(Yn) denotes the wrapped Fukaya category with relative spin background
c1(detVn) mod 2; its brane data are specified in Section 6.5.

The collision weight −1 is motivated by the Hilbert-Chow crepant resolution correspondence: in the
local model, the undeformed orbifold point corresponds to exceptional quantum parameter −1 [BG09,
Theorem 3.11]. The character bcoll gives the corresponding sign on collision classes.
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Conjecture 1.12. Assume that n! is invertible in k. Put Y ∨
n = Hilbn(S̃Q) over k. Then

Wbcoll(Yn) ≃ Perf(Y ∨
n ).

The algebraic side of the conjecture is established in Proposition 6.24:
Perf(Y ∨

n ) ≃ Perf(Λ1
n).

Here τ = 1 and all vertex parameters equal 1. The idempotent e⊗n
0 is not full, so the Hecke corner does

not recover the category of perfect Λ1
n-modules. The remaining step is the symplectic comparison across

the Hilbert-Chow exceptional locus. For n = 1, the collision class is trivial and the conjecture reduces to
the trivial-bulk specialisation of Corollary 1.4.

Section 6.5 also explains the collision weight −1 through the local Hecke relation. For general interaction
parameter τ , the tensor-product algebra must itself be deformed; constructing the corresponding dg model
and computing the wrapped category remain open.

1.3. Organisation. Section 2 constructs the Weinstein neighbourhoods and identifies their surgery
descriptions. Section 3 computes the associated bulk-deformed algebras. Section 4 constructs cofinal Floer
complexes in degrees zero and one. Section 5 compares their gradings with those of the surgery algebras,
deduces formality, and completes the proof of Theorem 1.1 using cocore generation. Section 6 proves
the mirror corollaries, the higher-rank equivariant theorem and the algebraic side of the Hilbert-scheme
conjecture.

Conventions. The geometric models are defined over C; Floer complexes and algebras have coefficients
in k. The planes have their unique spin structures, trivial rank-one local systems, and compatible bulk
trivialisations. Signed curve counts are interpreted in k, and wrapping is unstopped. We fix an arbitrary
b throughout; the ordinary category is its trivial specialisation. Products are read from right to left: vu
means u followed by v, and ejAF (q)ei is the space of morphisms from Li to Lj .

For Liouville and Weinstein domains we follow [CE12, Section 11.1 and Definition 11.10]. Our sign
convention is ιZω = λ, where dλ = ω. The completion of a Liouville domain W is

Ŵ = W ∪
(
[0, ∞) × ∂W

)
, λ = eρλ|∂W

on the cylindrical end. A Lagrangian disk D ⊂ W with λ|D = 0 near its boundary extends along the
Liouville flow to an exact cylindrical Lagrangian plane D̂ ⊂ Ŵ .

Acknowledgements. The author thanks Umut Varolgüneş for many discussions, which played an
important role in the genesis of this paper, and acknowledges the papers [EOR07], [KS23] and [Pas24],
which together inspired the ideas here. The author also thanks Roman Krutowski for his comments on an
earlier version. The text was mostly written by ChatGPT (Astra) for Academic Researchers and Claude
Fable 5.1. The statements of the main results, the overall strategy of proof and the key ideas behind
each step are due to the author, who provided the general set-up, an outline of the proof of Theorem 1.1,
and precise statements to be proved in each section. The AI systems produced detailed arguments from
these inputs. The author checked the resulting manuscript, expanded it with further corollaries, remarks,
figures and connections to the literature, and revised the exposition for readability. The author accepts
full responsibility for the contents of the paper.

2. Neighbourhoods of singular fibres as Legendrian surgeries

We construct a Weinstein neighbourhood of the singular fibre and identify its Legendrian surgery
description, with transverse holomorphic disks completing to the cocores.

Let π : X → ∆ be a proper relatively minimal complex elliptic fibration with smooth total space and a
single singular fibre

F = π−1(0) =
k∑

i=1
miCi.
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Fix a nowhere-vanishing holomorphic two-form Ω on X and put ω = Re Ω. The existence of Ω forces F
to be nonmultiple, by adjunction and the fact that the normal bundle of the reduced fibre of a multiple
fibre mD has exact order m [Pet95, Section 15, Lemmas 1 and 3 and Corollary 4]. Complex curves are
Lagrangian for ω, whose symplectic orientation agrees with the complex orientation.

Write Fred =
⋃

i Ci, let Σ be its singular locus, and let νi : C̃i → Ci be the normalisations. Choose
pairwise disjoint holomorphic disks Di meeting F only at points xi ∈ Ci \ Σ, transversally to Ci. Put

Wϵ = {|π| ≤ ϵ}, µ = log |π| : X \ F −→ R.

Properness implies that the Wϵ form a neighbourhood basis of F . For sufficiently small ϵ > 0, each Wϵ is
a compact manifold with boundary {|π| = ϵ}, and each Di ∩ Wϵ is a disk.

Figure 1 shows the situation schematically for a fibre of type I∗
0 .

0 ∆

π

2

1

1

1

1

F = 2C0 + C1 + · · · + C4

D1

D2

D3

D4

D0

Figure 1. Schematic picture of the fibration near a fibre of type I∗
0 . The central

component C0 has multiplicity 2 and the four other components multiplicity 1; nearby
fibres are tori. The holomorphic disks D1, . . . , D4 (red) through the multiplicity-one
components are local sections, whereas the disk D0 through C0 projects to ∆ with degree
2 and meets each nearby fibre twice.

For the normal crossing fibres, the dual graph ΓF has one vertex for each irreducible component and
one edge for each node. Kodaira’s classification [Kod63], see also [Bar+04, Section V.7], gives:

Fibre type Dual graph ΓF

In, n ≥ 1 Ãn−1
I∗

n, n ≥ 0 D̃n+4
IV ∗ Ẽ6
III∗ Ẽ7
II∗ Ẽ8

Here I1 is a rational curve with one node, represented by a single vertex with a loop; I2 has two vertices
joined by two edges. In the remaining normal crossing cases, the components are smooth rational curves
meeting transversally.

The remaining types II, III, IV have all multiplicities equal to one and a single singular point p.
They consist, respectively, of a rational cuspidal curve, two smooth rational curves meeting at p with
intersection multiplicity two, and three smooth rational curves meeting pairwise transversally at p.
Theorem 2.1. For all sufficiently small ϵ > 0, Wϵ carries a Weinstein structure (λ, ϕ) with dλ = ω and
skeleton Fred. The form λ restricts to zero on Fred and on each Di ∩ Wϵ. Up to Weinstein homotopy, this
structure has the following surgery descriptions, with the completed disks D̂i as the cocores corresponding
to the components Ci.
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(1) For the normal crossing types, Wϵ is the positive plumbing of disk cotangent bundles of two-spheres
according to ΓF , with Di ∩ Wϵ corresponding to the cotangent fibre at xi. Its completion is
Legendrian surgery on

LΓF
⊂ #b1(ΓF )(S1 × S2, ξstd),

shown in Figures 2 to 4. Here b1(ΓF ) = 1 for In and 0 otherwise.
(2) For types II, III, IV , Wϵ is obtained from a Darboux ball by attaching one Weinstein 2-handle

for each component Ci. The attaching link ΛF =
⊔

i Λi is Legendrian isotopic to the rainbow
closure of

σ3
1 , σ4

1 , (σ1σ2)3,

respectively, shown in Figure 5. For III and IV , the isotopy can realise any prescribed correspon-
dence between the labelled components.

The proof of this theorem occupies the rest of this section.

0 0

I1

0 1 0

I2

0 1 2 3 0

I4

Figure 2. Legendrian surgery diagrams for the cycle plumbings of type In, drawn for n = 1, 2, 4.

c0 c1 ℓ4 ℓ3ℓ2ℓ1

I∗
1

c0 c1 c2 ℓ4 ℓ3ℓ2ℓ1

I∗
2

Figure 3. Legendrian surgery diagrams for the plumbings of type I∗
n with n > 0, drawn

for n = 1, 2, with the labels of Figure 7.

We construct the Liouville field using weighted radial models near the singular points and cotangent
models along the smooth parts of the components. We then join these models while preserving Z log |π| > 0.
This ensures that the resulting field points outward along every sufficiently small boundary {|π| = ϵ}.

Lemma 2.2. Let p ∈ Σ. There are holomorphic coordinates (x, y) centred at p in which Ω = dx ∧ dy and
Fred is the zero set of

gp =


xy at a node,

y2 − x3 for II,

y(y − x2) for III,

xy(x − y) for IV.

Similarly, for each i there are holomorphic coordinates (u, v) centred at xi with Ω = du ∧ dv, Ci = {v = 0}
and Di = {u = 0}.
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Proof. Choose holomorphic coordinates giving the stated curve equations and write Ω = f(X, Y ) dX ∧ dY .
At a node and in types II, III and IV , respectively, put
(2.3) (ap, bp) = ( 1

2 , 1
2 ), ( 2

5 , 3
5 ), ( 1

3 , 2
3 ), ( 1

2 , 1
2 ).

For (a, b) = (ap, bp), set

h(X, Y ) =
∫ 1

0
f(taX, tbY ) dt, x = Xha, y = Y hb.

Here h(0) = f(0) ̸= 0, so the powers are defined using a local holomorphic logarithm. Since (1 + aX∂X +
bY ∂Y )h = f , we have dx ∧ dy = f dX ∧ dY = Ω, while gp(x, y) = hdgp(X, Y ), where d is the weighted
degree of gp. Thus (x, y) are the required coordinates. At xi, apply the same construction with a = b = 1

2
after straightening the transverse curves Ci and Di to the coordinate axes; the rescaling preserves each
axis. □

c0 ℓ4 ℓ3 ℓ2 ℓ1

I∗
0 (D̃4)

0 (3, 1) (3, 2) (2, 1) (2, 2) (1, 1) (1, 2)

IV ∗ (Ẽ6)

0 (1, 1) (3, 1) (3, 2) (3, 3) (2, 1) (2, 2) (2, 3)

III∗ (Ẽ7)

0 (1, 1) (2, 1) (2, 2) (3, 1) (3, 2) (3, 3) (3, 4) (3, 5)

II∗ (Ẽ8)

Figure 4. Legendrian surgery diagrams for the star-shaped plumbings of types I∗
0 , IV ∗,

III∗ and II∗.

Each branch B is defined by an irreducible factor gB of gp, which is quasi-homogeneous of positive
degree dB for the weights (2.3).

For real numbers a, b with a + b = 1 put
ξa,b = ax ∂x + by ∂y.

Consider the vector field Za,b = ξa,b + ξa,b on C2 generating the flow (x, y) 7→ (easx, ebsy). Since ιξ̄Ω = 0,
(2.4) λa,b := ιZa,b

ω = Re(ax dy − by dx), dλa,b = ω.

In the real coordinates
(2.5) q = (Re x, Im x), p = (− Re y, Im y)
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II: σ3
1 III: σ4

1

IV : (σ1σ2)3

Figure 5. Front projections of the attaching links ΛII , ΛIII and ΛIV : the rainbow
closures of σ3

1 , σ4
1 and (σ1σ2)3.

we have ω = dp ∧ dq, and a direct computation gives
(2.6) λa,b = p dq − d

(
a⟨p, q⟩

)
, Za,b = a q ∂q + b p ∂p.

This is a special case of the following cotangent model. Let S be a surface and V a vector field on S.
In local cotangent coordinates (q, p), let E = p ∂p be the fibrewise Euler field and LV the cotangent lift of
V . With ω = dp ∧ dq, put

λV = p dq − d⟨p, V (q)⟩, ZV = E + LV .

Writing V = V 1(q) ∂q1 + V 2(q) ∂q2 , we have

LV = V 1(q) ∂

∂q1
+ V 2(q) ∂

∂q2
−

(
p1

∂V 1

∂q1
+ p2

∂V 2

∂q1

)
∂

∂p1
−

(
p1

∂V 1

∂q2
+ p2

∂V 2

∂q2

)
∂

∂p2
.

One checks ιEω = p dq and ιLV
ω = −d⟨p, V ⟩, so ZV is the Liouville field of λV . Along the zero section

ZV = V , and λV vanishes on the zero section and on the cotangent fibres over zeros of V . By (2.6),
λa,b = λV for V = a q ∂q. For a function β on S,
(2.7) ZβV = βZV + (1 − β)E − ⟨p, V ⟩ ∇β · ∂p,

where ∇β · ∂p =
∑

j(∂qj β) ∂pj .

We next straighten each branch at a singular point equivariantly. For 0 < η ≤ 1
2 and k > 0 write

Tk(η) = {(u, v) ∈ C2 : 0 < |u| < 1, |v| < η|u|k}.

Lemma 2.8. Let B be a branch of {gp = 0} at p, in the coordinates of Lemma 2.2, and let ΦB, cB

and kB be given by the table below. Then ΦB is injective on TkB
(η), Φ∗

B(dx ∧ dy) = du ∧ dv, the curve
u 7→ ΦB(u, 0) parametrises B \ {p} near p and is the normalisation of B, and

(ΦB)∗ξap,bp
= cBu ∂u + (1 − cB) v ∂v.

type B ΦB(u, v) cB kB

node {y = 0} (u, v) 1
2 1

node {x = 0} (−v, u) 1
2 1

II {y2 = x3}
(
u2, u3 + v/2u

) 1
5 4

III {y = 0} (u, v) 1
3 2

III {y = x2} (u, u2 + v) 1
3 2

IV {y = 0} (u, v) 1
2 1

IV {x = 0} (−v, u) 1
2 1

IV {y = x} (u, u + v) 1
2 1
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Moreover, on TkB
(η),

(2.9)
∣∣v ∂v log(gB ◦ ΦB) − 1

∣∣ ≤ 2η,
∣∣v ∂v log(gB′ ◦ ΦB)

∣∣ ≤ 2η (B′ ̸= B),
and each gB′ ◦ ΦB with B′ ̸= B is nonvanishing. The expression v ∂v log(gB ◦ ΦB) in the first estimate is
interpreted by its removable extension at v = 0.

Proof. The Jacobian determinants are one, and the weight identities follow by substitution. Injectivity is
immediate except for the cusp chart. There, equality of the images of two distinct points forces

u′ = −u, v + v′ = −4u4,

contradicting |v|, |v′| < η|u|4.

For the estimates, gB ◦ ΦB = ±v, except in the cusp case, where

(y2 − x3) ◦ ΦB = u2v
(

1 + v

4u4

)
.

The remaining factors are, up to sign, u or uj ± v, with j = 1, 2. Their nonvanishing and the bounds
follow from these expressions and

|v|
|uj ± v|

≤ η

1 − η
≤ 2η.

□

In the real coordinates (2.5) attached to (u, v), (2.6) and Lemma 2.8 give
(2.10) Φ∗

Bω = dp ∧ dq, Φ∗
Bλap,bp

= λVB
, VB = cB q ∂q.

Thus near each branch the linear Liouville structure at p is the cotangent model of a radial vector field on
the branch.

Proposition 2.11. For all sufficiently small ϵ > 0 there is a Weinstein structure (λ, ϕ) on Wϵ with
dλ = ω such that:

(1) λ vanishes on Fred and on each Di ∩ Wϵ, and Zµ > 0 on Wϵ \ F ;
(2) the zeros of Z are the points of Σ, of index zero, the points xi, of index two, and ei − 1 points of

index one on each Ci \ Σ, where ei is the number of points of C̃i lying over Σ;
(3) near p ∈ Σ, in the coordinates of Lemma 2.2, λ = λap,bp

and ϕ = |x|2 + |y|2;
(4) the skeleton is Fred, the unstable manifold of xi is Di ∩ Wϵ, and all stable manifolds are contained

in Fred.

The count in (2) comes from a vector field on each normalisation C̃i with ei sources at the preimages
of Σ, one sink at xi, and ei − 1 saddles. These counts describe the auxiliary handle decomposition used in
the construction.

Proof. Near p ∈ Σ use λp = λap,bp
, and near xi use λxi

= λ−1/2,3/2 in the coordinates (u, v) with
Ci = {v = 0} and Di = {u = 0}. Writing π = wp

∏
B gmB

B with wp a unit gives

Zpµ =
∑

B

mBdB + Re
ξap,bp

wp

wp
≥ κp > 0

after shrinking the charts. Similarly, π = vmiwi near xi gives Zxi
µ ≥ mi.

Each normalisation C̃i is a sphere. On it, choose a smooth function fi and a vector field Yi, with
Yifi > 0 away from the zeros of Yi, sources at the ei points above Σ, a sink at xi, and ei − 1 saddles. Use
the local models

(fi, Yi) =


(
(|x|2 + |y|2) ◦ νi, cBq ∂q

)
, near a source on branch B,(

ci − |q|2, − 1
2 q ∂q

)
, near xi,(

cs − q2
1 + q2

2 , −q1∂q1 + q2∂q2

)
, near a saddle s,

with suitable constants ci, cs.
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Choose R > 0 so that the source and sink models hold on disjoint disks {|q| < R} around the marked
points ν−1

i (Σ) ∪ {xi}, identifying xi with its unique lift to C̃i. Set

A = {Re−L < |q| < R}, Ai = C̃i \
⋃

marked points
{|q| < R}.

Each collar A has logarithmic length L, while Ai and Yi remain fixed as L increases.

To ensure Zµ > 0 away from the prescribed local models, we rescale Yi. For 0 < δ < 1, choose smooth
functions βi : C̃i → [δ, 1] and put

Vi = βiYi, βi =
{

1 near the marked points,
δ near Ai,

|q| |∇βi| ≤ C/L on A.

This preserves Vifi > 0 away from the zeros. Place the overlaps with the marked-point neighbourhoods
where βi = 1 for every δ.

The relative Lagrangian neighbourhood theorem gives cotangent charts Θi along the normalisations
with small disks about the marked points removed, agreeing with the branch charts of Lemma 2.8 and the
charts at xi on their collars. Use Θi∗λVi

on the tubes and λp, λxi
near the marked points. These forms

agree on every overlap by the choice of βi and equations (2.10) and (2.6), defining a primitive λ of ω near
Fred. Its restriction vanishes on Fred and on the prescribed transverse disks near xi. Measure the tube
width by η, using |v| < η|u|kB on the branch collars and |p| < η over Ai.

We verify Zµ > 0 first over Ai, where Z = E + δLYi
. A transverse holomorphic coordinate τ

satisfies τ ◦ Θi(q, p) = ℓq(p) + O(|p|2) with ℓq a real linear isomorphism. Since π = τmi · (unit), we have
Eµ = mi + O(|p|) and LYiµ = O(1), uniformly over Ai. Thus

Zµ = mi + O(δ + η) > 0
for sufficiently small δ, η once the charts are fixed.

On each collar, (2.7) gives
Z = βiZYi

+ (1 − βi)E − ⟨p, Yi⟩∇βi · ∂p.

The first two fields satisfy ZYiµ ≥ c > 0 and Eµ ≥ mB/2 for small η, by (2.9); at xi use π = vmiwi. The
same bounds give |p| |∂pµ| ≤ C, so the last term contributes at most C/L in absolute value. Thus, for
small η, Zµ ≥ c0 − C/L, with c0, C independent of L, δ. Choose L large, fix the cotangent charts, and
then choose δ, η successively small so that both lower bounds are positive.

Extend the fi to a smooth function f near Fred, using fi + |p|2 near the sinks and saddles and |x|2 + |y|2
near Σ. At a saddle the normal eigenvalues of Z are 1 ± δ > 0, giving index one; the other models give
index zero at Σ and index two at xi. The local models and the inequality Vifi > 0 on the compact
remainder of Fred give Zf > 0 away from the zeros in a neighbourhood of Fred. Shrink ϵ so that Wϵ

lies there. Near the boundary, set ϕ = (1 − χ(µ))f + χ(µ)(K + µ), where χ increases from 0 to 1 and
K + µ > f on the transition region. Then Zϕ > 0 away from the zeros, ϕ is constant on the boundary,
and its local Morse models are unchanged.

Finally, Fred is compact and invariant, whereas every forward trajectory off F exits Wϵ: until it exits,
it lies in a compact annulus where Zµ has a positive minimum. Thus the skeleton is Fred, which contains
every stable manifold. For small ϵ, Di ∩ Wϵ lies in the linear model at xi and is its unstable disk. □

Remark 2.12. Since µ = log |π|, the hypersurface π−1({|t| = r}) is the level set µ−1(log r). Thus
Zµ = dµ(Z) > 0 means that Z is transverse to this hypersurface and points outward from Wr = {|π| ≤ r},
for every sufficiently small r > 0.

Proof of Theorem 2.1. Let (λ, ϕ) be as in Proposition 2.11. The first assertions are parts (1), (2) and (4)
of that proposition.

For the normal crossing types, Proposition 2.11 constructs the positive cotangent plumbing along ΓF ,
including self-plumbing for I1 (see [ST03, Proposition 7.3] for trees).
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Choose disjoint balls Bp = {|x|2 + |y|2 ≤ ρ2
p} in the node charts. Let ∆i,a ⊂ C̃i, 1 ≤ a ≤ ei, be the

disk components of ν−1
i (

⋃
p Bp), and put Ki,a = νi(∂∆i,a). Each ∂Bp contains a standard Legendrian

Hopf pair. Choose Morse data joining these disks by ei − 1 bands into a disk ∆i with complementary disk
containing xi. Attach the corresponding Weinstein 1-handles to the balls. The band sum Λi = νi(∂∆i) of
the Ki,a is the Legendrian attaching circle of a 2-handle whose core is the complementary disk, with its
Liouville collar, and whose cocore is Di ∩ Wϵ. Let G have the balls Bp as vertices and the 1-handles as
edges. Cancelling 0-1 pairs along a spanning tree of G [CE12, Proposition 12.22] leaves the handle counts
(h0, h1, h2) = (1, b1(ΓF ), k). Bands through cancelled handles give Legendrian connected sums, preserving
the Hopf clasps. Ordering the bands as in [EL19, Section 3] gives LΓF

. The 2-handle charts remain fixed,
so their cocores complete to D̂i.

For II, III and IV , Proposition 2.11 gives one minimum p and the index-two points xi. Since
ϕ = |x|2 + |y|2 near p, a sufficiently small sublevel is the ball

B = {ϕ ≤ r2} = {|x|2 + |y|2 ≤ r2}.

By Weinstein’s handle theory [Wei91] (see [CE12, Section 11.4 and Proposition 12.12]), Wϵ is obtained
from (B, λp) by attaching Weinstein 2-handles along the Legendrian circles

Λi = W s(xi) ∩ ∂B = Ci ∩ ∂B,

with cocores W u(xi) = Di ∩ Wϵ.

The path λt = λat,bt with (at, bt) = (1 − t)(ap, bp) + t( 1
2 , 1

2 ) consists of Liouville forms whose Liouville
fields are transverse to the round sphere ∂B. At t = 1 it is the standard radial Liouville form of the linear
symplectic form ω, so (B, λ1) is a Darboux ball. By [CE12, Lemma 12.7(i)], this deformation extends
across a collar of ∂B with no critical points, fixing the structure beyond the collar up to positive scaling.
Comparing the initial and final collar holonomies [CE12, Lemma 11.4] gives a contactomorphism from
(∂B, ker λp) to (∂B, ker λ1) ∼= (S3, ξstd) isotopic to the identity. Thus Wϵ is Weinstein homotopic to the
Legendrian surgery on the image ΛF of

⊔
i Λi, with the same cocores since scaling leaves the Liouville field

unchanged. As a smooth oriented link ΛF is the link of the plane curve singularity {gp = 0}, oriented by
the complex orientation of its branches: the positive torus link T (2, 3), T (2, 4) or T (3, 3).

The handle classes are [Ci], so the Weinstein framing convention [Gom98] gives

tb(Λi) = C2
i + 1, lk(Λi, Λj) = Ci · Cj (i ̸= j).

Since F ·Ci = 0, the component self-intersections are 0 in type II and −2 in types III, IV . Thus the links
T (2, 3), T (2, 4) and T (3, 3) have component Thurston-Bennequin invariants 1, −1 and −1, respectively.
The rainbow closures in Figure 5 have these oriented link types and component Thurston-Bennequin
invariants. The Legendrian classifications [EH01, Section 4.1] and [DET24, Theorem 1.1(1)] therefore
identify them with ΛF . In particular, all component rotation numbers vanish. For III and IV , the ordered
classification [DET24, Theorem 1.2(1)] allows any prescribed correspondence between components. □

Remark 2.13. Let λ0, λ1 be primitives of ω on Wϵ, vanishing on Fred and each Di ∩Wϵ, with Liouville fields
pointing outward along ∂Wϵ. Their completions are related by an exact symplectomorphism carrying the
completed planes to one another up to exact cylindrical Lagrangian isotopy. Indeed, λ1 −λ0 = dg since Wϵ

retracts onto Fred. The path λt = (1 − t)λ0 + tλ1 retains the vanishing and outward-pointing conditions,
so [CE12, Lemma 11.6 and Proposition 11.8] give exact symplectic identifications of the completions under
which the completed disks form an exact cylindrical Lagrangian isotopy.

3. Chekanov-Eliashberg algebras associated with Kodaira fibres

We compute the Chekanov-Eliashberg dg algebras with bulk parameters and identify their degree-zero
cohomology with AF (q). For the normal crossing types we use the plumbing calculation of [EL19]; for II,
III, IV , the rainbow-closure model of [CS26]. The comparison with wrapped Floer cohomology and the
vanishing in negative degrees are established in Sections 4 and 5.
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3.1. Legendrian dg algebras and basepoint variables. Let Λ =
⊔

v Λv be a Legendrian link in
#k(S1 × S2, ξstd), presented in Gompf’s standard form, with one basepoint on each component. We write
CE∗(Λ) for its fully noncommutative Chekanov-Eliashberg dg algebra with cohomological grading, in
the form given in [EL19, Section 2] following Ekholm and Ng. It is an algebra over S =

⊕
v kev, freely

generated over S by the Reeb chords of Λ (the crossings of the resolved diagram), the internal generators
of the 1-handles, and invertible basepoint variables t±1

v with evtvev = tv and dtv = 0. The differential
of a chord counts holomorphic disks, each weighted by the sign and by the time-ordered product of the
basepoint variables encountered along its boundary. When k = 0 the internal generators are absent and
CE∗(Λ) is the Chekanov-Eliashberg algebra of a link in (S3, ξstd) with basepoints [CS26, Section 2.1].
The components of Λ carry their bounding spin structures, which are those of the cocores; relative to
the formulas of Ekholm and Ng this amounts to the substitution tv 7→ −tv [EL19, footnote 2], already
incorporated below. All components of the links in Theorem 2.1 have rotation number zero, so CE∗(Λ) is
Z-graded once a Maslov potential is chosen on each component. We use the gradings of [EL19; CS26].
The explicit models below have generators in degrees 0 and −1. Their comparison with the holomorphic
gradings of the planes is made in the proof of Proposition 5.3.

Since tv is closed of degree zero, the two-sided ideal generated by the elements tv − qvev is a dg ideal.
For q ∈ (k×)r we put

(3.1) CE∗
q(Λ) = CE∗(Λ)/(tv − qvev : v).

Its differential is obtained by substituting qvev for tv; the trivial bulk class corresponds to q = 1. The
identification qv = b([Cv]) is justified by the capping argument in the proof of Proposition 5.3. For
plumbings, this bulk interpretation was proposed in [EL19, Remark 2].

A stable tame isomorphism fixing the basepoint variables descends under tv = qvev: both the changes
of generators and the cancelling generator pairs remain valid after substitution. For cycle plumbings, we
also need the reduction of the internal 1-handle algebra described in the proof of Theorem 3.5.

3.2. Normal crossing types: the plumbing dg algebra. Let F be of normal crossing type and let Q

be the graph ΓF , so that Q is Ãn−1, D̃n+4, Ẽ6, Ẽ7 or Ẽ8. The graph for I1 has one vertex and one loop,
and that for I2 has two vertices and two distinct edges. Orient the edges and order them, and write Q for
the double of Q: for each arrow a of Q it has the reverse arrow a∗. For the cycles we use the orientation
ai : i → i + 1 and the spanning tree T obtained by deleting an−1; for the trees T = Q. The conventions
for each type are drawn in Figures 6 to 8. Set

S =
⊕
i∈Q0

kei, LQ = kQ
[
(1 + aa∗)−1, (1 + a∗a)−1 : a ∈ Q1

]
.

Here 1 =
∑

i ei, and the inverses are algebraic universal localisations. Put

(3.2)
Ai =

−→∏
t(a)=i

(ei + aa∗), Bi =
−→∏

s(a)=i

(ei + a∗a),

Λq(Q) = LQ/(Ai − qiBi : i ∈ Q0).

An empty product is ei. Both products follow the chosen arrow order. This is the multiplicative
preprojective algebra of Crawley-Boevey and Shaw with parameters qi; up to isomorphism it does not
depend on the orientation or the order [CS06, Theorem 1.4]. For the affine fibres set AF (q) = Λq(Q).

The Chekanov-Eliashberg algebra of the link LQ of Theorem 2.1(1) was computed in [EL19, Theorem 17].
In the notation of Section 3.1, the result is a quasi-isomorphism between CE∗(LQ) and the dg algebra LQ

over S⟨t±1
i ⟩ generated by

ca, c∗
a (a ∈ Q1), z±1

a , ζa (a ∈ Q1 \ T ), τi (i ∈ Q0),
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with ca = et(a)caes(a), c∗
a = es(a)c

∗
aet(a), za = es(a)zaes(a), ζa = es(a)ζaes(a) and τi = eiτiei, in degrees

|ca| = |c∗
a| = |za| = 0 and |ζa| = |τi| = −1, and with differential

(3.3)

dζa = es(a) + c∗
aca − za,

dτi =
−→∏

t(a)=i

(ei + cac∗
a) − ti

−→∏
s(a)=i, a/∈T

za

−→∏
s(a)=i, a∈T

(ei + c∗
aca).

The generators ca, c∗
a are the two crossings between the components of LQ attached to the ends of a; τi

is the self-crossing of the ith component; and za, ζa come from the 1-handle of the edge a /∈ T , which is
present only for the cycles.

Definition 3.4. For q ∈ (k×)Q0 , let B
q
Q be the dg algebra obtained from LQ by setting ti = qiei in

Equation (3.3).

Theorem 3.5. For any normal crossing type F , any field k, and any nonzero parameter tuple q, the dg
algebra CE∗

q(LQ) is quasi-isomorphic to B
q
Q.

Proof. For cycle plumbings, [EL19, Theorem 12 and Proposition 14] replace the internal two-strand
algebra by its quasi-isomorphic Laurent model k[z±1]. This reduction does not involve the basepoint
variables. After specialising ti = qiei, the remaining chord generators form a semifree dg extension of the
internal algebra, so the reduction remains a quasi-isomorphism. The subsequent changes of generators and
destabilisations in [EL19, Lemma 16 and Theorem 17] fix the basepoint variables and give the displayed
differential. For trees, no internal-algebra reduction is needed. □

The dg algebra B
q
Q is concentrated in nonpositive degrees. A word of degree −1 contains exactly one

of the generators ζa, τi, so its differential is a two-sided multiple of dζa or dτi. Hence

H0(Bq
Q) = S⟨ca, c∗

a, z±1
a ⟩/(dζa, dτi), Hk(Bq

Q) = 0 (k > 0).

Lemma 3.6. In H0(Bq
Q) the elements et(a) + cac∗

a and es(a) + c∗
aca, a ∈ Q1, are invertible in their

respective corners. Consequently
H0(Bq

Q) ∼= Λq(Q),
by the map ca 7→ a, c∗

a 7→ a∗, za 7→ es(a) + a∗a.

Proof. For a /∈ T , the relation dζa = 0 identifies es(a) + c∗
aca with the invertible element za. The identity

(et(a) + cac∗
a)−1 = et(a) − ca(es(a) + c∗

aca)−1c∗
a

gives invertibility at the other endpoint. Now remove the edges of T successively at leaves. At each
leaf, the vertex relation contains just one factor whose invertibility is not yet known; all other factors
are invertible, so this factor is invertible as well. The displayed identity, with the arrows exchanged if
necessary, gives invertibility at its other endpoint. This proves the assertion for every edge. Eliminating
the za then gives the defining presentation of Λq(Q). □

To compare with the dg multiplicative preprojective algebra, adjoin z±1
a , ζa also for a ∈ T , with

dζa = es(a) + c∗
aca − za.

This models derived localisation at the remaining factors. Since their classes are already invertible in H0,
the localisation map is a quasi-isomorphism [BCL18, Section 3]. The argument of [KS23, Remark 4.7]
now applies to this model with localisation variables for every arrow and gives

B
q
Q ≃ Λdg,q(Q).

In the presentations below, the idempotent ei corresponds to the component Ci, hence to the plane D̂i;
the parameter qi is the value of b on the class γi of Ci. The doubled quivers of each type are drawn with
their presentations below.
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3.3. Affine A diagrams. For In, orient the cycle by ai : i → i + 1, with indices in Z/n. When n = 2, the
arrow a1 and the formal reverse a∗

0 remain distinct. The conventions are drawn in Figure 6. The relation
at vertex i is

(3.7) ei + ai−1a∗
i−1 = qi(ei + a∗

i ai).

I1

0
a0 a∗

0

I2

0 1

a0

a∗
0

a1

a∗
1

In, n ≥ 3

0 1 n − 1a0

a∗
0

a1, . . . , an−2

a∗
n−2, . . . , a∗

1

an−1

a∗
n−1

Figure 6. Doubled quivers for the cyclic fibres.

Write x =
∑

i ai, y =
∑

i a∗
i , and z = 1 + yx. Put

D =
⊕

i∈Z/n

k[z±1]ei, q =
∑

i

qiei, σ(ei) = ei+1, σ(z) = qz.

These formulas define an automorphism of D. Its iterates account for the individual vertex parameters;
for example, σn(z) = (

∏
i qi)z. Set t = z − 1.

Proposition 3.8. The algebra Λq(Ãn−1) has generators D, x, y and relations

(3.9) xd = σ(d)x, yd = σ−1(d)y (d ∈ D), yx = t, xy = σ(t).

Set Up = xp for p ≥ 0 and Up = y−p for p < 0. Each corner ejΛq(Ãn−1)ei has basis

(3.10)
{

Upzrei : p, r ∈ Z, p ≡ j − i (mod n)
}

.

Proof. Summing Equation (3.7) gives yx = z −1, xy = qz −1, and xz = qzx. Together with the endpoints
of the arrows, these are Equation (3.9). Conversely, in that presentation ai = xei and a∗

i = yei+1 satisfy
the vertex relations and all localisation factors are invertible: their nontrivial corner entries are zei or
qizei.

The basis assertion is [KS23, Proposition 7.1]. Kaplan and Schedler concatenate paths from left to
right, so our algebra is the opposite of theirs with parameters q−1

i , with x, y, z corresponding to their a,
a∗, 1 + aa∗. Their left S-basis (1 + aa∗)maℓ, (1 + aa∗)m(a∗)ℓ, valid over every field and for every nonzero
parameter tuple, is our set of elements Upzrei. Since Upzrei lies in ejΛq(Ãn−1)ei with j ≡ i + p, this is
Equation (3.10). □

For a single vertex,
Λq(Ã0) = k⟨x, y⟩[(1 + yx)−1]/(xy − qyx − q + 1).

At q = 1, this is the commutative algebra k[x, y, (1 + xy)−1].

Proposition 3.11. At q = 1, give

R = k[x, y, z±1]/(xy − z + 1)

the Z/n-grading deg x = 1, deg y = −1, and deg z = 0. Then, over any field,

Λ1(Ãn−1) ∼=
{

(rji) ∈ Mn(R) : rji ∈ Rj−i

}
.

The isomorphism sends ei to Eii, ai to xEi+1,i, and a∗
i to yEi,i+1, where Eji are the matrix units.
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Proof. The assignments satisfy the vertex relations and send every localisation factor to an invertible
diagonal matrix with entries 1 or z. They therefore define a homomorphism from Λ1(Ãn−1) to the
displayed matrix algebra.

Set Vp = xp for p ≥ 0 and Vp = y−p for p < 0. By the single-vertex case of Proposition 3.8, the
elements Vpzr, p, r ∈ Z, form a basis of R, with degree p modulo n. The homomorphism sends the basis
from Proposition 3.8 bijectively to

VpzrEji, p ≡ j − i (mod n).
Hence it is an isomorphism. □

If n is invertible in k and k contains a primitive n-th root of unity ζ, the algebra at q = 1 also has the
skew group description

Λ1(Ãn−1) ∼= R ⋊ µn(k),
where µn(k) = ⟨ζ⟩ acts on x, y, z with weights 1, −1, 0. Indeed, g =

∑
i ζiei satisfies gx = ζxg, gy = ζ−1yg,

and gn = 1. Conversely, in the skew group algebra the formulas

ei = 1
n

n−1∑
r=0

ζ−irgr, ai = xei, a∗
i = yei+1

recover the quiver generators. These constructions are inverse.

Kaplan and Schedler prove that Λq(Ãn−1) is 2-Calabi-Yau and prime over any field and at every
parameter tuple. At the trivial bulk class it is a noncommutative crepant resolution of its centre, whose
spectrum is the affine surface zn + xy + xyz = 0 [KS23, Theorem 1.2 and Section 6.2]. For n > 1, this
surface has an An−1 singularity; for n = 1 it is smooth.

3.4. Affine D diagrams. For I∗
n with n > 0, label the chain by c0, . . . , cn and orient its arrows as

bk : ck−1 → ck. Orient the four leaf arrows a1, a2 towards c0 and a3, a4 towards cn, and order the arrows
as a1, a2, b1, . . . , bn, a3, a4. Write ui = aia

∗
i , using 1 for the identity in the relevant vertex corner. The

arrow labels in Figure 7 follow this convention.

c0

ℓ1

ℓ2

ℓ3

ℓ4

a1

a∗
1

a2

a∗
2

a3

a∗
3

a4

a∗
4

I∗
0 : D̃4

c0 c1

ℓ1

ℓ2

ℓ3

ℓ4

a1

a∗
1

a2

a∗
2

b1

b∗
1

a3

a∗
3

a4

a∗
4

I∗
1 : D̃5

c0 cn

· · ·

c1, . . . , cn−1

ℓ1

ℓ2

ℓ3

ℓ4

a1

a∗
1

a2

a∗
2

b1

b∗
1

bn

b∗
n

a3

a∗
3

a4

a∗
4

I∗
n : D̃n+4 (n ≥ 2)

Figure 7. The doubled affine D quivers.

Write λi for the parameter at leaf i and νk for that at ck.

Proposition 3.12. For every nonzero parameter tuple, the algebra Λq(D̃n+4) has the following presenta-
tion. For n > 0 its relations are

(3.13)

a∗
i ai = (λ−1

i − 1)ei (1 ≤ i ≤ 4),
(1 + u1)(1 + u2) = ν0(1 + b∗

1b1),
1 + bkb∗

k = νk(1 + b∗
k+1bk+1) (1 ≤ k < n),

(1 + bnb∗
n)(1 + u3)(1 + u4) = νn.

For n = 0 the last three relations are replaced by
(3.14) (1 + u1)(1 + u2)(1 + u3)(1 + u4) = ν0.

Proof. The displayed relations are the vertex equations for the indicated orientation and order. Since the
graph is a tree, Lemma 3.6 shows that all localisation factors are already invertible in this polynomial
quotient, giving the claimed presentation. □
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3.5. The affine stars. For I∗
0 , IV ∗, III∗ and II∗ the graph is a star with arms of lengths dj − 1, where

(d1, . . . , ds) is (2, 2, 2, 2), (3, 3, 3), (2, 4, 4) or (2, 3, 6). Label the central vertex by 0 and the vertices of
the jth arm by (j, p), 1 ≤ p < dj , starting next to the centre, orient the arrows towards the centre,
cjp : (j, p) → (j, p − 1) with (j, 0) = 0, and order them by j and then by p. Write q = q0. The doubled
quivers of IV ∗, III∗ and II∗ are drawn in Figure 8; that of I∗

0 is in Figure 7.

0

(1, 1)

(1, 2)

(2, 1)

(2, 2)

(3, 1)

(3, 2)

c∗
11 c11

c∗
12 c12

c∗
21

c21

c∗
22

c22

c∗
31

c31
c∗

32

c32

Ẽ6 (IV ∗)

0(2, 1)(2, 2)(2, 3) (3, 1) (3, 2) (3, 3)

(1, 1)

c∗
21

c21

c∗
22

c22

c∗
23

c23 c∗
31

c31

c∗
32

c32

c∗
33

c33

c∗
11 c11

Ẽ7 (III∗)

0(3, 1)(3, 2)(3, 3)(3, 4)(3, 5) (2, 1) (2, 2)

(1, 1)

c∗
31

c31

c∗
32

c32

c∗
33

c33

c∗
34

c34

c∗
35

c35 c∗
21

c21

c∗
22

c22

c∗
11 c11

Ẽ8 (II∗)

Figure 8. The doubled affine quivers for IV ∗, III∗ and II∗.

Proposition 3.15. For every nonzero parameter tuple, Λq(Q) is the quotient of the path algebra kQ by
the relations

c∗
j,dj−1cj,dj−1 = (q−1

(j,dj−1) − 1) e(j,dj−1),

e(j,p) + cj,p+1c∗
j,p+1 = q(j,p)

(
e(j,p) + c∗

jpcjp

)
(1 ≤ p ≤ dj − 2),

s∏
j=1

(
e0 + cj1c∗

j1
)

= q e0.

No localisation is needed. For I∗
0 this is Equation (3.14) with uj = cj1c∗

j1.

Proof. This is [CS06, Lemma 8.1], with the stated vertex and arrow labels. □

Put A = Λq(Q) and H = e0Ae0. We identify H with a generalised double affine Hecke algebra and
give a criterion for e0 to be full, so that A and H are Morita equivalent.

Set

Bjp = e(j,p) + c∗
jpcjp, Uj = e0 + cj1c∗

j1, αja =
a∏

p=1
q−1

(j,p), αj0 = 1.

The tip and interior relations are
Bj,dj−1 = q−1

(j,dj−1)e(j,dj−1), e(j,p) + cj,p+1c∗
j,p+1 = q(j,p)Bjp,

and the central relation is U1 · · · Us = qe0, with this order fixed. If C = 1 + cc∗ and B = 1 + c∗c, then
(C − 1)f(C) = cf(B)c∗ for every polynomial f . Induction from the tip therefore gives

(3.16)
dj−1∏
a=p

(
Bjp − (q(j,p) · · · q(j,a))−1e(j,p)

)
= 0,

dj−1∏
a=0

(Uj − αjae0) = 0.

The central-corner calculation of Crawley-Boevey and Shaw [EOR07, Appendix 1, Lemma 10.1] gives

(3.17) H ∼=
k⟨U±1

1 , . . . , U±1
s ⟩(∏dj−1

a=0 (Uj − αja) (1 ≤ j ≤ s), U1 · · · Us − q
) .

Thus H is a rank-one generalised double affine Hecke algebra. The calculation is over k and requires no
splitting field.

Lemma 3.18. If no nonempty consecutive product q(j,p) · · · q(j,a) on an arm equals 1, then e0 is full in A.
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Proof. This is [EOR07, Appendix 2, Proposition 11.2] over C; the following argument works over any field.
In A/Ae0A, the first arrow pair on each arm vanishes, so Bj1 = e(j,1). The first equation in Equation (3.16)
then gives a nonzero scalar multiple of e(j,1) equal to zero. Repeat along the arm. Every vertex idempotent
vanishes in the quotient, proving Ae0A = A. □

At bgrp, the numbers αja run through the djth roots of unity, and all consecutive products in Lemma 3.18
differ from 1. Consequently,

(3.19) H ∼= k⟨U1, . . . , Us⟩/(Udj

j − 1, U1 · · · Us − 1) ∼= k[Γ ⋊ G].

The last presentation is that of the orbifold fundamental group of E/G. The orbifold fundamental group
is an extension of G by Γ = π1(E), split by the fixed origin of E. Hence A is Morita equivalent to k[Γ]⋊G
at these parameters.

3.6. The three nontransverse fibres. By Theorem 2.1(2), the attaching links for II, III, IV are the
rainbow closures of σ3

1 , σ4
1 , (σ1σ2)3, respectively. We use the model G(β) of [CS26, Definition 2.2 and

Lemma 2.3], retaining one idempotent and one bulk parameter per component.

For β = σi1 · · · σim
, let

Pβ = Pi1(z1) · · · Pim(zm),
where Pi(z) is the identity except for the block

(
0 1
1 z

)
in positions i, i + 1. The model has differential

(3.20) dB = P −1
β + DLU,

where L, U are lower and upper unitriangular matrices, B has degree −1, and the remaining generators
have degree zero.

The comparison in [CS26, Lemma 2.3] fixes the basepoint variables. We use D = − diag(qiei) for III,
IV . For II, we use D = diag(−q, 1), retaining one basepoint as in [CS26, Section 4].

By [CS26, Lemma 2.4], eliminating the entries of L, U from P −1
β + DLU = 0 gives the following

presentations of H0(G(β)q). The crossing generators are labelled alphabetically in braid order, as in
Figure 9.

QII

1
x

y

z

QIII

1 2
a

b

c

d

QIV

1 2

3

a

d

b

e
c

f

Figure 9. Quivers for the nontransverse fibres. The arrows are the degree-zero generators
of AII(q), AIII(q1, q2), and AIV (q1, q2, q3), with relations (3.21), (3.22), and (3.23). The
cusp loops commute at q = 1.

For type II, the two diagonal relations give

(3.21) AII(q) = k⟨x, y, z⟩/(q + x + z + zyx, 1 + x + z + xyz).

At q = 1, this algebra is commutative and equals k[x, y, z]/(xyz + x + z + 1) [EL23, Section 6.1.5]. For
type III, with a, c : 1 → 2 and b, d : 2 → 1,

AIII(q1, q2) = kQIII/
(
(1 − q1)e1 + ba + da + dc + dcba,

(1 − q−1
2 )e2 + ab + ad + cd + abcd

)
.

(3.22)
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For type IV , with a : 1 → 2, b : 1 → 3, c : 2 → 3, d : 2 → 1, e : 3 → 1, f : 3 → 2, put A = ec − d,
B = fb − a − fca and C = ca − b. Then

(3.23)

AIV (q1, q2, q3) = kQIV /(Rq
1 , Rq

2 , Rq
3),

Rq
1 = (1 − q1)e1 + da + eb − eca,

Rq
2 = (1 − q2)e2 + fc − Bq−1

1 A,

Rq
3 = (1 − q3)e3 + Cq−1

1 e − (−c − Cq−1
1 A)q−1

2 (−f + Bq−1
1 e).

Each Rq
i lies in eikQIV ei, and the only inverses used in the elimination are the scalars q−1

i . At q = 1 the
relations reduce to da + eb − eca, fc − BA and Ce − (−c − CA)(−f + Be).

For each Kodaira type F , let B
q
F denote the dg algebra obtained above: the plumbing algebra B

q
Q of

Definition 3.4 for the normal crossing types, and the rainbow model G(β) of Equation (3.20) specialised
at D = diag(−q, 1) for II and D = − diag(qiei) for III, IV . In all cases
(3.24) CE∗

q(ΛF ) ≃ B
q
F , H0(Bq

F ) = AF (q), Hk(Bq
F ) = 0 (k > 0).

Here AF (q) is the algebra listed in Table 1. The dg algebra B
q
F is concentrated in nonpositive degrees.

Remark 3.25. For the rainbow closures, Casals-Simons establish vanishing with the basepoint variables
retained [CS26, Main Theorem]. Here we establish vanishing in negative degrees after every bulk
specialisation by combining the Floer degree bound of Section 4 with the graded surgery comparison of
Section 5.

4. Wrapped Floer cohomology

We construct cofinal Floer complexes between the completed transverse disks in degrees zero and one.
A generic choice of the boundary radius makes all Reeb chords nondegenerate, and interpolation to a
Hamiltonian depending on the base identifies their degrees with Morse indices. Section 5 combines this
bound with the nonpositive surgery algebra to prove vanishing outside degree zero. Throughout, the disks
carry the bulk trivialisations of Section 5.1; these change the coefficients of Floer operations but not the
chords or their degrees.

4.1. Holomorphic gradings and relative periods. We use ιXH
ω = −dH. In coordinates with

ω = dp ∧ dq, the time-one map of H(p) is (q, p) 7→ (q + ∇H(p), p). Gradings follow [Sei00, Section 2d]:
the degree of a chord from Li to Lj is the absolute index of dϕ1

H(TLi) and TLj , with the first grading
transported along the Hamiltonian flow. A small Hamiltonian with a nondegenerate minimum on a
Lagrangian gives a degree-zero constant chord.

Lemma 4.1. A complex symplectic surface (X, I, Ω) with symplectic form Re Ω has a grading structure
in which every holomorphic curve has phase zero. In holomorphic coordinates Ω = dw ∧ dt, let Fi, Fj

be holomorphic functions and Li, Lj their graphs w = dFi(t), w = dFj(t), both graded by zero. For a
real Hamiltonian H(t) and a nondegenerate chord from Li to Lj lying over t = t0, the point t0 is a
nondegenerate critical point of

H(t) + Re
(
Fj(t) − Fi(t)

)
,

and the degree of the chord is the Morse index of this function at t0. If H is subharmonic, the degree is
zero or one.

Proof. Choose an I-Hermitian metric whose fundamental form αI satisfies
α2

I = (Re Ω)2.

These forms determine an almost complex structure compatible with Re Ω, with complex volume form
Ψ = αI − i Im Ω.

On every holomorphic curve, Ψ restricts to the positive area form αI , so the curve has phase zero. The
space of normalised metrics is contractible, making the grading structure independent of this choice up to
homotopy.
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Put q = (Re w, Im w) and p = (− Re t, Im t), so that ω = dp ∧ dq, and put Gk(p) = Re Fk(t(p)) for
k = i, j. The functions Gk are harmonic, and Lk is the graph q = −∇Gk(p). The homotopy w = u dFk(t),
0 ≤ u ≤ 1, consists of holomorphic graphs, hence has phase zero throughout. Thus the grading transported
from w = 0 agrees with the holomorphic grading. At a chord, the tangent planes to ϕ1

H(Li) and Lj are
the graphs of D2H − D2Gi and −D2Gj . The linear symplectic shear

(δq, δp) 7−→ (δq + D2Gj δp, δp)
subtracts the target graph, sending these planes to the graph of D2(H + Gj − Gi) and the vertical plane.
Transporting both gradings along this shear, the graph-index rule [Sei00, Section 2d, (iii)–(v)] identifies the
chord degree with the Morse index of H + Gj − Gi. If H is subharmonic, then ∆(H + Gj − Gi) = ∆H ≥ 0,
so its Hessian cannot be negative definite. □

Extend the grading structure of Lemma 4.1 to Ŵϵ by Liouville transport and to the surgery through a
fixed identification in Theorem 2.1. For In, where H1(M ;Z) = Z, this identification is part of our grading
convention. The unique grading on D̂i restricting to zero on Di ∩ Wϵ is its holomorphic grading.

Let t be the base coordinate, also pulled back to X, and define the fibrewise differential ηt by Ω = ηt ∧dt.
On a simply connected sector of ∆∗, each Di has mi holomorphic branches. For two such branches and a
path γt in the fibre from the first to the second, with its homotopy class transported over the sector, their
relative period is the holomorphic function

P (t) =
∫

γt

ηt.

There are countably many such path classes.

Integrating ηt on the universal covers of the fibres gives a holomorphic coordinate w with Ω = dw ∧ dt.
For a chord of H(t) in the class of γt, choose lifts of the endpoint branches joined by the lifted chord.
Their w-coordinates differ by P (t), so Lemma 4.1 identifies the degree of a nondegenerate chord with the
Morse index of

H(t) + Re A(t), A′(t) = P (t).

Use the primitive of Proposition 2.11, for which Zµ > 0 near Fred, where µ = log |t|. For small ϵ > 0,
put Yϵ = ∂Wϵ = {|t| = ϵ} and Γi = Di ∩ Yϵ. Since λ|Di = 0, the field Z is tangent to Di, so Γi is
Legendrian and its Liouville collar lies in the holomorphic disk.

Lemma 4.2. For almost every sufficiently small ϵ > 0, all positive Reeb chords between the Legendrians
Γi ⊂ Yϵ are nondegenerate.

Proof. In the fibrewise holomorphic coordinates,

(4.3) Rλ|Yϵ
= Xµ

Zµ
, Xµ : ẇ = −1

t
, ṫ = 0, ιXµ

Ω = −dt

t
.

Fix a relative period P on a simply connected sector and put B(t) = tP (t). The endpoint equation for a
positive chord of Xµ-time c is

(4.4) B(ϵeiθ) = −c, c > 0.

Its differential in (θ, c) is invertible precisely when

(4.5) ∂θ Im B(ϵeiθ) = Re(tB′(t)) ̸= 0.

This is transversality of the surface swept out from Γi to Γj , hence nondegeneracy of the Reeb chord.

We first exclude B ≡ −c < 0. Since Wϵ retracts onto Fred, its second homology is generated by
the component classes. The form Ω restricts to zero on their normalisations, so Ω = dβ for a smooth
complex-valued one-form β. Its restriction to each holomorphic disk Di ∩ Wϵ is exact. The restrictions
π|Di

and π|Dj
have degrees mi and mj . Choose N ≥ 1 divisible by both, so the chosen branches return

to themselves after N turns around t = 0. Write them as σi(θ), σj(θ) over t = ϵeiθ, with θ ∈ R/(2πNZ).
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If B ≡ −c, then ϕc
Xµ

(σi(θ)) = σj(θ) on the sector where P is defined. The flow is holomorphic on the
regular locus and complete on each compact fibre, so this equality holds for every θ. The cylinder

S(u, θ) = ϕu
Xµ

(σi(θ)), 0 ≤ u ≤ c,

has boundary in the two disks. By (4.3) and Stokes’ theorem,

−2πiNc =
∫

S

Ω =
∫

∂S

β = 0,

a contradiction.

For nonconstant B, remove the isolated zeros of B′. The locus {B ∈ R<0} is then a smooth real curve.
Sard’s theorem applied to its radius function shows that almost every circle meets it transversally, giving
(4.5). The radii of the removed points form a countable set; constant B outside R<0 gives no positive
chords. Taking the union of these null exceptional sets over a countable sector cover and all branch pairs
and relative path classes proves the claim.

If X is any positive multiple of the Reeb field and γ has endpoints p−, p+ and X-time τ , this
transversality says
(4.6) Tp+Yϵ = Dϕτ

X(Tp−Γi) ⊕ RRα(p+) ⊕ Tp+Γj , α = λ|Yϵ
.

□

Fix ϵ supplied by Lemma 4.2, and write W = Wϵ, Y = Yϵ, f = µ − log ϵ and α = λ|Y . Let r be the
Liouville radial coordinate, normalised by r = 1 on Y , so that λ = rα on its collar and completed end.

Proposition 4.7. Every realisation of a positive Reeb chord between the Γi by a radial Hamiltonian
H = h(r) with h′′ > 0 at the chord is nondegenerate and has degree zero or one with the holomorphic
gradings.

Proof. Fix a chord γ from p− ∈ Γi to p+ ∈ Γj . To apply Lemma 4.1, we interpolate between a Hamiltonian
depending only on t and a radial Hamiltonian. For 0 ≤ s ≤ 1, put

fs = (1 − s)f + s(r − 1), gs = (1 − s)Zf + s > 0.

On Y , fs = 0 and dfs = gs dr, so Xfs
= gsRα. Thus γ is a flow line of Xfs

of a positive time cs depending
smoothly on s. For σ > 0, fixed below, put

Hs = csfs + σ

2 f2
s .

Since fs is constant along its Hamiltonian flow, ϕ1
Hs

(x) = ϕ
cs+σfs(x)
fs

(x). Hence γ, suitably parametrised,
is a time-one chord of every Hs; H0 is a function of t and H1 is radial.

Let Bs = Dϕcs

fs
at p− and choose 0 ̸= e ∈ Tp−Γi. Since the disks are Liouville invariant,

Tp−D̂i = Re ⊕ RZ(p−), Tp+D̂j = Tp+Γj ⊕ RZ(p+).
Differentiating the flow gives

Dϕ1
Hs

(e) = Bse, Dϕ1
Hs

(Z(p−)) = BsZ(p−) + σgs(p−)Xfs
(p+).

As σ → ∞, the image tangent plane converges to span{Bse, Xfs
(p+)}, the tangent plane to the swept

surface. By (4.6), this plane is transverse to Tp+D̂j . Continuity and compactness of [0, 1] make the
convergence and transversality uniform in s. Consequently γ is nondegenerate for every Hs once σ is
sufficiently large, and its degree is independent of s.

At s = 1, the Reeb and Liouville flows commute, so B1Z(p−) = Z(p+). The image tangent plane is
then

span{B1e, Z(p+) + σRα(p+)}.

Equation (4.6) makes this transverse to Tp+D̂j for every σ > 0. The radial chord’s degree is therefore
constant over all positive radial curvatures.
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Since f = log |t| − log ϵ is harmonic,

∆H0 = σ|∇f |2 = σ

|t|2
> 0.

Thus Lemma 4.1, applied to the lifted chord, gives degree zero or one. The interpolation and constancy
over positive radial curvatures give the assertion for every h with h′(1) = c1 and h′′(1) > 0.

Inverse Liouville flow carries a chord at r = r0 > 1 to a chord at r = 1 of g(r) = h(r0r)/r0, preserving
its degree. Since g′′(1) = r0h′′(r0) > 0, the same conclusion holds at every end radius. □

Remark 4.8. In the Kodaira setting, an explicit computation of the relative periods shows that, for
sufficiently small ϵ, all the chords in Proposition 4.7 have degree zero. We will not need this stronger
statement.

Proposition 4.9. Let M be the completed surgery of Theorem 2.1, and give its cocores D̂i the holomorphic
gradings. There are cofinal wrapping Hamiltonians whose Floer cochain complexes between these cocores
are supported in degrees zero and one. For any field k, every b ∈ H2(M ; k×), and all i, j,

HWk
b(D̂i, D̂j ; k) = 0 (k /∈ {0, 1}).

Proof. Use Theorem 2.1 to work on Ŵ . Compactness and Lemma 4.2 make the positive Reeb-chord
spectrum locally finite and bounded away from zero. Choose increasing cofinal Hamiltonians as in [EL23,
Appendix B.1.1 and B.2], fixed and sufficiently small on W , with convex radial profiles hk(r) on the end,
eventually linear with slopes tending to infinity outside the spectrum. Require h′′

k > 0 at every chord
radius.

On each disk, choose the compact Morse perturbation with exactly one critical point, a minimum,
matching near Y a common radial Hamiltonian of positive slope below the spectrum. The disks are
disjoint and the radial collar is invariant, so the only compact chords are these degree-zero minima. All
end chords have degree zero or one by Proposition 4.7.

Bulk weights change neither generators nor degrees. Thus all these complexes are supported in degrees
zero and one for every b. Taking the degreewise direct limit of Floer cohomology, as in Section 5.1, gives
the asserted vanishing. □

5. Surgery and generation

We now identify the algebras of Section 3 with the bulk-deformed wrapped endomorphisms of the
cocores, using the surgery formula of Bourgeois, Ekholm and Eliashberg [BEE12] in the form of [EL23],
and we prove that the cocores generate the bulk-deformed category, following [Cha+24]. Both arguments
are proved in the literature for the ordinary wrapped Fukaya category. These arguments extend to the
bulk-deformed categories of Section 5.1: bulk weights respect gluing, so the algebraic identities remain
valid, and we check below that the comparison maps retain invertible leading coefficients.

5.1. Bulk-deformed branes and weights. Let M be the completion of a neighbourhood of F , identified
with the Legendrian surgery of Theorem 2.1, and let r be the number of components. Since M retracts
onto Fred,

H2(M ;Z) =
r⊕

i=1
Zγi, γi = [Ci], H1(M ;Z) =

{
Z, F = In,

0, otherwise,

where Ci carries its complex orientation. By the proof of Theorem 2.1, γi is the class of the ith handle:
the core sphere for the plumbings, and the core capped in the 0-handle for II, III and IV . Reversing the
orientation of Ci inverts qi.

View the bulk class as a character and write its coordinates
(5.1) b : H2(M ;Z) −→ k×, qi = b(γi).
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The parameter space is the full torus (k×)r, including roots of unity and the trivial character. Since
H1(M ;Z) is free, the universal coefficient theorem identifies these characters with H2(M ; k×).

Without giving full details, we briefly indicate what Wb(M) is. Choose a multiplicative singular two-
cocycle η representing b. A bulk-deformed brane is a properly embedded exact graded spin Lagrangian,
conical outside a compact set, equipped with a trivialisation of η along it and a finite-rank local system.
Each chord carries the Hom space between the endpoint fibres of the local systems, tensored with a
one-dimensional bulk coefficient line. After choosing a basis vector in each bulk coefficient line, a polygon
contributes a scalar bulk weight multiplying the usual composition and parallel-transport maps. This
weight is the product of the cocycle values on a triangulation, corrected by the boundary trivialisations;
it is independent of subdivision and multiplicative under gluing. Changes of trivialisation are absorbed
by tensoring the local systems with rank-one local systems, and changing the representative η gives an
equivalent category. We write Wb(M) for the split-closed triangulated envelope of the resulting wrapped
A∞ category. The contractible cocores admit the required trivialisations, unique up to isomorphism.

We use the Hamiltonian model of wrapped Floer cohomology:

HW∗
b(L0, L1; k) = lim−→

k

HF∗
b(L0, L1; Hk; k).

Here Hk is an increasing cofinal sequence of Hamiltonians that are eventually linear in the Liouville radial
coordinate, with slopes tending to infinity outside the Reeb chord spectrum; the maps are monotone
continuation maps. The comparison with the geometric wrapped model is [EL23, Appendix B.1.1,
Lemmas 79–80]. Its bulk-deformed version follows from the gluing rule for weights, as in Lemma 5.2.

The trivialisation of η is part of the brane data. For a closed two-form, the analogous datum is a
primitive of its restriction [Sie21, Section 3.1, Remark 3.2]. Here bulk deformation means a multiplicative
degree-two twist, rather than a series of operations with arbitrary interior insertions.

For the cocores, a capped polygon of class β carries the universal weight [β] ∈ Z[H2(M ;Z)]. Evaluating
[β] 7→ b(β) gives its bulk weight. For cyclic plumbings, choose reference paths recording chord winding,
compatibly with gluing. We cap the polygon boundary as a whole; individual noncontractible chords need
not admit capping disks.

Weights do not change the Floer equations, degrees, energy bounds, or maximum principle. Exactness
excludes nonconstant sphere bubbles and bubbles on an embedded exact boundary component. Fixed
asymptotic data give finite zero-dimensional counts, so the coefficients are finite sums in this group
algebra. This is the bulk-deformed version of [Sie21, Sections 3.1 and 4.3.2]; its construction uses only
multiplication of weights, not that paper’s particular choice of an exponential coefficient field.

5.2. Bulk weights in Floer-theoretic arguments. Write w(u) for the scalar bulk weight of a holo-
morphic curve u, defined in Section 5.1. Bulk-deformed operations count rigid curves with their signed
weights ±w(u).

Lemma 5.2. Let M be a compactified one-dimensional moduli space of holomorphic curves with boundary
on exact branes carrying bulk trivialisations, in a Liouville manifold or cobordism. Suppose its boundary
consists of broken configurations of rigid curves. The bulk weight is constant on each connected component
and equals the product of the weights of the pieces at every breaking. Consequently, the signed boundary-
count identities hold with bulk weights. The signed scalar weight of each rigid curve is a unit.

Proof. The cocycle identity and the boundary trivialisations make the weight invariant under deformation
and multiplicative under gluing. The signed weighted boundary count therefore vanishes on each compact
one-dimensional component. Each signed scalar weight is a unit in the coefficient ring. □
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5.3. The surgery comparison. Let F be one of the Kodaira types, M the completion of the surgery of
Theorem 2.1, ΛF its attaching link and D̂i its cocores with their holomorphic gradings. The grading of the
cocores induces a Maslov potential on each component of ΛF , and hence a Z-grading on CE∗

q(ΛF ); for the
cycles it also fixes the trivialisation along the 1-handle. We call this the induced grading. The geometric
gradings compared below differ by an integer shift on each component, which changes the degree of a
chord from Λi to Λj by the difference of the shifts, and, for the cycles, by an element m ∈ H1(M ;Z) = Z,
which changes the degree of a word by m times its winding number around the cycle.

Proposition 5.3. For every bulk class b as in Equation (5.1), there is an A∞ quasi-isomorphism respecting
the idempotents and gradings,

(5.4) CW∗
b

(⊕
i

D̂i,
⊕

i

D̂i

)
≃ B

q
F ,

where the induced grading on B
q
F agrees with that of Section 3.

The projection B
q
F → AF (q) is a quasi-isomorphism. Thus AF (q) is a minimal model for the cocore

endomorphism algebra, and

(5.5) HWa
b(D̂i, D̂j ; k) =

{
ejAF (q)ei, a = 0,

0, a ̸= 0.

Proof. By [EL23, Theorem 2 and Theorem 83], following [BEE12, Section 5.4 and Remark 5.9], there is
an A∞ quasi-isomorphism Φ : CW∗(

⊕
i D̂i) → CE∗(ΛF ) for the ordinary wrapped Floer complex, whose

components count holomorphic disks in the surgery cobordism with boundary on the cocores and on
the cores. It is defined for links in the boundary of any subcritical Weinstein manifold. For the cyclic
plumbings, we use the fixed integer grading of Section 4.1 and compatible basepoint paths as in [EL23,
Appendix A, Remark 72], together with the coefficient choices of Section 5.1. The map preserves gradings
when CE∗(ΛF ) carries the induced grading. Equip every cocore with its bulk trivialisation and count
every disk with its weight. The target differential counts disks in the symplectisation of the boundary
before surgery.

Choose reference arcs on each attaching circle cut at its basepoint, with compatible reference paths and
capping chains as in Section 5.1. Closing a disk u through the handle cores, a positive passage through
the ith basepoint contributes the oriented capped core class γi = [Ci], and a negative passage contributes
−γi. Thus, if ni is the signed number of passages, then

[ucap] =
∑

i

ni[Ci], w(u) = b([ucap]) =
∏

i

qni
i .

Here the coefficient-line bases are chosen compatibly with the cappings; changing chord cappings rescales
these bases. The weight is therefore exactly that obtained by substituting ti = qiei in the basepoint word.
Hence the weighted target is CE∗

q(ΛF ). By Lemma 5.2, the weighted surgery map Φb satisfies the A∞
relations.

We show that Φb is a quasi-isomorphism following [EL23, Theorem 83], using the chord correspondence
and disk counts of [Ekh19]. As noted in [Ekh19, Introduction], these results also apply without the
simple-connectivity assumption; see [EO17, Section 7.3]. Choose an action cutoff A > 0 outside the action
set of ΛF , including the total actions of composable words of Reeb chords. For sufficiently thin surgery
handles, the cocore chords of action less than A correspond to such words of total action less than A
[Ekh19, Theorem 1.2]. Their actions differ by an error tending to zero with the handle width; we choose
the width so that this error is smaller than the gap to A. The unweighted linear term sends each chord to
its corresponding word with coefficient ±1, plus terms of smaller action [Ekh19, Theorem 7.5(a)]. Let
dw denote this diagonal coefficient with weights. For a one-letter word, the local disk is unique [Ekh19,
Lemma 7.4]; the deformation in [Ekh19, Lemma 7.6] has a compact one-dimensional moduli space with
no broken ends, so it preserves the weighted count and dw is a unit. For a concatenation w = uv, let pu,v

be the weighted two-input disk count of [Ekh19, Theorem 7.5(c)]. By Lemma 5.2, the boundary-count
identity in the proof of that theorem remains valid with bulk weights and gives

pu,vduv = ±dudv.
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Induction on word length makes the right-hand side a unit, hence duv is a unit. The constant generators
have the local unit-disk coefficients of [EL23, Remark 82], which are units as well. Thus, for each cutoff
and sufficiently thin handles, Φb,1 is triangular with invertible diagonal on the finitely many generators
below the cutoff, hence is an isomorphism there. As the cutoff increases, shrink the handles and use the
compatible cobordism maps of [EL23, Theorem 83]. These are continuation quasi-isomorphisms, and their
compatibility with the surgery maps persists with bulk weights by Lemma 5.2. Passing to the direct limit
therefore proves that Φb is a quasi-isomorphism. The identification of the wrapped complexes with their
Hamiltonian versions is [EL23, Appendix B.1.1, Lemmas 79–80], which is again a comparison of counts of
rigid disks and continuation maps and holds with weights.

Composing Φb with the comparison of Theorem 3.5 and Section 3.6 gives Equation (5.4) with the
induced grading on B

q
F . The changes of generators and destabilisations respect the endpoints and

homotopy classes of words, so they remain graded under shifts of the Maslov potentials and of the ambient
grading structure. The internal Laurent reduction is also graded for an arbitrary degree of its Laurent
generator [EL19, Proposition 14]. Thus this comparison does not require agreement with the grading of
Section 3. By Proposition 4.9, its cohomology vanishes in negative induced degrees.

Regrading changes the degrees of the cohomology classes but preserves the underlying cohomology
vector spaces. Let d denote the degree in Section 3. The induced degree of a homogeneous class in the
(j, i) corner is

d + sj − si + mν,

where ν is its winding number and the term mν occurs only for In. These grading differences depend on
the geometric brane data, not on the bulk weights. We determine them at q = 1.

For In, Proposition 3.8 gives nonzero classes xne0 and yne0 of standard degree zero and winding
numbers 1 and −1. Their induced degrees are m and −m, respectively, so nonnegativity gives m = 0.
This includes I1.

For every type except II, let QF be its displayed quiver, including both arrows over every edge in the
affine cases, and let J be the arrow ideal. At q = 1 there is a surjection

AF (1) −→ kQF /J2.

For the affine types every localisation factor maps to the identity and both vertex products map to ei.
For III and IV , the relations (3.22) and (3.23) lie in J2 at these parameters. Thus every arrow survives
in H0(B1

F ). If an edge joins i and j, arrows in the two directions have induced degrees sj − si and si − sj .
Both are nonnegative, so si = sj . The quivers are connected, hence all shifts agree. For II there is only
one vertex. A common shift does not change endomorphism degrees. The induced grading therefore agrees
with that of Section 3 for every bulk class.

For arbitrary q, the algebra B
q
F is nonpositively graded, whereas its cohomology is nonnegative by

the surgery comparison and Proposition 4.9. Consequently Hk(Bq
F ) = 0 for k ̸= 0, and the canonical

projection
B

q
F −→ H0(Bq

F ) = AF (q)
is a dg algebra quasi-isomorphism. Hence AF (q) is a minimal model for the cocore endomorphism algebra.
Restricting to the corners gives Equation (5.5). □

5.4. Generation in the bulk-deformed category. Proposition 5.3 identifies the split-closed subcategory
generated by the bulk-deformed cocores with Perf(AF (q)). The corresponding statement for all bulk-
deformed branes requires a generation argument. We give the coefficient extension of the geometric proof
of [Cha+24, Theorem 1.1 and Remark 1.3], which uses only the ingredients of Lemma 5.2, together with a
single invertible triangle map at each step of the construction of the augmentation.

Proposition 5.6. For every Kodaira type F and every bulk class b, the cocores D̂i generate Wb(M), with
the bulk-deformed brane convention of Section 5.1.
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Proof. We use linear wrapping throughout this argument, so the cocycle is transported by continuation
rather than kept fixed under a Liouville rescaling. All branes, isotopies, and cobordisms below carry
the corresponding transported boundary trivialisations, and all identities between curve counts are used
in their weighted form (Lemma 5.2). Let (L, E) be a brane with a finite-rank local system. Make L
transverse to the skeleton and take a Hamiltonian translate Di of a cocore at each intersection ai. Shift
the grading of each Di so that its short Legendrian chord ai has degree zero. Equip Di with the constant
local system Vi = Eai

, and write Di = (Di, Vi). Transport the cocycle trivialisations along these isotopies.
The preparations in [Cha+24, Section 9.1 and Lemma 9.4] use only the geometry, actions, and regularity
of the curves and thus are unaffected by weights. They order the cocores so that the quotient of the
Legendrian algebra by order-reversing chords has generators ai, bm

ij , cm
ij and an action filtration. The

chords ai and bm
ij run from Di to L, while cm

ij runs from Di to Dj , for i < j. The distinguished triangle
contributing to dbm

ij has negative boundary word ajcm
ij .

We seek an augmentation ε assigning to each chord a map between its endpoint fibres. Disk words
are evaluated by composing these maps with parallel transport along the boundary arcs. We use the
triangular differential of [Cha+24, Lemma 9.5], proceeding by decreasing i and then increasing action. Set
ε(ai) = idVi

and ε(bm
ij ) = 0. Since dai = 0, their augmentation equations reduce to

0 = ε(dbm
ij ) = um

ij P m
ij ε(cm

ij ) + ε(Rm
ij ),

where Rm
ij and dcm

ij involve only generators treated earlier in this order. The coefficient um
ij ∈ k× is the

signed weight of the unique triangle of [Cha+24, Lemma 9.4]. Here P m
ij is parallel transport in E along

its boundary arc from aj to the endpoint of bm
ij on L. The triangular structure follows from endpoints

and action inequalities, which bulk weights do not change.

Since P m
ij is invertible, this determines

ε(cm
ij ) = −(um

ij )−1(P m
ij )−1ε(Rm

ij ) ∈ Hom(Vi, Vj).

Applying ε to d2bm
ij = 0, the previously verified augmentation equations give um

ij P m
ij ε(dcm

ij ) = 0, hence
ε(dcm

ij ) = 0. The construction respects degrees: the ai have degree zero, the differential is homogeneous,
and bulk weights and parallel transport have degree zero. Setting all order-reversing chords to zero
completes the augmentation.

Perform surgery at the ai, using the identity maps to glue the local systems and choosing bulk
trivialisations so that the local scalar coefficients are 1. These data extend across the surgery handles, and
the weighted cobordism maps transfer the augmentation. The comparison of [Cha+24, Proposition 8.16]
applies with bulk weights: Lemma 5.2 supplies the required identities, and the unique local triangles of
[Cha+24, Lemma 4.14 and Corollary 4.18] contribute invertible coefficients. Thus, naturally for every test
brane T ,

CWb(T, L) ≃ homWb
(T,L),

where L is the surgered immersion with its glued local system and transferred augmentation and L is a
finite twisted complex on D1, . . . ,Dk, (L, E), with (L, E) its final term.

Since L misses the skeleton, its wrapped morphisms vanish by the displacement and action argument
of [Cha+24, Proposition 7.6], which is unaffected by bulk weights. Hence L is zero, expressing (L, E) as a
twisted complex of the Di. Each Di is a direct sum of dim Vi copies of Di, and continuation identifies Di

with the corresponding grading shift of its original cocore. All resulting twisted complexes are finite. □

Proof of Theorem 1.1. By Theorem 2.1, the transverse holomorphic disks complete to the cocores D̂i.
Proposition 5.3 computes their bulk-deformed wrapped cohomology and gives the minimal model AF (q)
for their endomorphism algebra. Since the cocores generate by Proposition 5.6, the Yoneda functor gives

Wb(M) ≃ Perf
(
AF (q)

)
.

□
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6. Mirror symmetry and crepant resolutions

We prove Corollaries 1.4 and 1.7 using Theorem 1.1 and Corollary 1.2. We also prove Theorem 1.10
and establish the algebraic side of the Hilbert-scheme conjecture in Proposition 6.24.

6.1. The homological consequence of formality. Kaplan-Schedler show that exactness of the bimodule
complex of Crawley-Boevey and Shaw implies the 2-Calabi-Yau property, and establish this exactness
for quivers containing a cycle [KS23, Corollaries 3.19 and 3.20]. For affine D and E trees, Corollary 1.2
supplies the required exactness, giving the following consequence.
Lemma 6.1. Let Q be an affine tree of type D or E and A = Λq(Q). For any field and every nonzero
parameter tuple, A has global dimension at most two and is bimodule 2-Calabi-Yau. In particular, for
every finite-dimensional left or right A-module V ,
(6.2) RHomA(V, A) ≃ Homk(V, k)[−2],
with the corresponding opposite module structure.

Proof. Consider the bimodule complex of Crawley-Boevey and Shaw [CS06, Lemma 3.1], written using
the relation generators for Av − qvBv:

P2
d2−→ P1

d1−→ P0
µ−→ A −→ 0,

where
P2 = P0 =

⊕
v∈Q0

Aev ⊗k evA, P1 =
⊕

a∈Q1

Aet(a) ⊗k es(a)A.

Let ηv, ηa and θv denote the standard generators of P0, P1 and P2, respectively. The maps are
µ(ηv) = ev, d1(ηa) = aηs(a) − ηt(a)a,

and
d2(θv) =

∑
t(a)=v

Av,<a(ηaa∗ + aηa∗)Av,>a

− qv

∑
s(a)=v

Bv,<a(ηa∗a + a∗ηa)Bv,>a.

Here the sums run over a ∈ Q1, and Av,<a and Av,>a are the products before and after the factor indexed
by a in Av, and similarly for Bv; empty products are ev. Their normalisation is obtained by replacing θv

with θvB−1
v . Indeed, let ∂ denote formal differentiation in the arrows. The Leibniz rule and the relation

Av − qvBv = 0 in A give
∂

(
(Av − qvBv)B−1

v

)
= ∂(Av − qvBv)B−1

v .

The complex is exact except possibly at P2 [CS06, Lemma 3.1]. It remains to prove that d2 is injective.

Let B = B
q
Q be the dg algebra of Definition 3.4. By Lemma 3.6, H0(B) = A, and Corollary 1.2 makes

the projection B → A a quasi-isomorphism. Thus A ⊗L
B A ≃ A. Derived base change of the standard

diagonal resolution of the semifree dg algebra B, constructed using universal derivations, gives precisely
the displayed complex: the degree-zero arrows contribute P1, and the degree-−1 generators τv contribute
P2, with the differential d2 obtained by differentiating dτv = Av −qvBv. Hence this complex is a projective
bimodule resolution of A.

Its self-duality [KS23, Theorem 3.17 and Corollary 3.19] gives
RHomA⊗Aop(A, A ⊗ Aop) ≃ A[−2].

As a resolution of right A-modules, the complex splits; tensoring with any left A-module therefore
gives a projective resolution of length at most two. The right-module argument is identical. For a
finite-dimensional left A-module V , put V ∨ = Homk(V, k). Applying HomA(−, A) to this resolution of V
gives

RHomA(V, A) ≃ V ∨ ⊗L
A RHomA⊗Aop(A, A ⊗ Aop)

≃ V ∨[−2],
which proves Equation (6.2). The right-module case follows by replacing A with Aop. □
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6.2. Noncommutative crepant resolutions. For a normal Gorenstein domain R, a noncommutative
crepant resolution (NCCR) is an algebra EndR(M), where M is a finitely generated reflexive R-module
and EndR(M) is maximal Cohen-Macaulay over R and has finite global dimension [Van04a, Definition 4.1
and Lemma 4.2]. We construct such resolutions for the surface algebras arising above.

Let Q be D̃n (n ≥ 4), Ẽ6, Ẽ7 or Ẽ8, put A = Λ1(Q), and choose the idempotent e at an extending
vertex. Shaw’s corner calculation [Sha05, Theorem 4.1.1], also recorded in [KS23, Theorem 6.4], identifies
R = eAe with k[x, y, z]/(fQ) for the following polynomials:1

Q fQ weights of (x, y, z)
D̃n xyz + xy2 − pn−5x2y − pn−4xz − z2 (2, n − 2, n − 1)
Ẽ6 xyz + z2 + x2z + y3 (3, 4, 6)
Ẽ7 xyz + z2 + y3 + x3y (4, 6, 9)
Ẽ8 xyz + z2 + y3 + x5 (6, 10, 15).

Here pi = pi(x) is defined by p−1 = −1, p0 = 0 and pi+1 = x(pi−1 + pi). The weights in the table are
those of the du Val initial forms.
Lemma 6.3. Over any field, R is a geometrically integral, normal, Gorenstein surface whose only
geometric singular point is the origin.

Proof. Work over k. In type D, the monic quadratic −fQ in z is Eisenstein at x. In types E, fQ is monic
in z and specialises at x = 0 to the irreducible polynomial z2 + y3; a factorisation would specialise to a
nontrivial monic factorisation. Thus all these surfaces are geometrically integral.

In types E, write gQ = fQ − xyz. The weight of xyz exceeds that of gQ by one, so the weighted Euler
identity forces xyz = 0 at a singular point of fQ = 0. Substitution in the equation and its three partial
derivatives leaves only the origin, in every characteristic.

In type D, put m = n − 4. The recurrence gives
(6.4) p2

m − xpmpm−1 − xp2
m−1 = (−x)m+1.

If char k = 2, a singular point with x ̸= 0 satisfies y = pm and z = xpm−1, by the partial derivatives in z
and y. Substitution and Equation (6.4) give fQ = xm+2 ̸= 0, a contradiction. If x = 0, the equations
fQ = ∂xfQ = 0 give z = y = 0.

If char k ̸= 2, set w = z − x(y − pm)/2. Then

fQ = −w2 + x

4 E, E = (x + 4)y2 − 2x(pm + 2pm−1)y + xp2
m.

1In type D, the term −pn−4(X)XZ in [Sha05, Theorem 4.1.1] and [KS23, Theorem 6.4] should be +pn−4(X)XZ. The
sign error occurs in the passage from the second to the third line of the display for T in the proof of [Sha05, Lemma 4.7.5,
p. 95], where the term a∗BABF kBNCMa should carry a minus sign. For example, in D̃5 over Q, take the representation

Q

Q

Q2 Q2

Q

Q

a

a∗

b

b∗

c

c∗

d

d∗
f

f∗

a = c =
(1

0
)

, b =
(0

1
)

, d =
(1

1
)

, a∗ = (0 1), b∗ = (1 0), c∗ = (0 − 1), d∗ = (−1 1),

f = I, f∗ =
(

0 −1
−1 1

)
.

Put A = aa∗, B = bb∗, C = cc∗, D = dd∗ and F = ff∗ = f∗f . The vertex relations hold since A2 = B2 = C2 = D2 = 0
and

(I + A)(I + B)(I + F ) = I, (I + C)(I + D) = I + F.

At the source of a, the corner generators X = a∗Ba, Y = a∗fCf∗a and Z = a∗BfCf∗a act by (X, Y, Z) = (1, 0, 1). Since
p0 = 0 and p1 = −X, the printed relation Z2 + X2Z − XY 2 − XY Z evaluates to 2, whereas the corrected relation evaluates
to 0.
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By Equation (6.4),
discy(E) = 16(−1)mxm+2.

A singular point with x ̸= 0 would satisfy w = E = ∂yE = 0, contradicting this identity. If x = 0, the
equations fQ = ∂xfQ = 0 again give z = y = 0.

These integral hypersurfaces have only isolated singularities. Serre’s criterion gives normality, and
hypersurfaces are Gorenstein. □

Lemma 6.5. Let k be any field, let Q be an affine Dynkin quiver of type D or E, and set A = Λq(Q)
for q ∈ (k×)Q0 . Let f be a sum of vertex idempotents such that A/AfA is finite-dimensional, and put
T = fAf . Then Af and fA are finitely generated as right and left T -modules, respectively, and the
natural maps give isomorphisms

A ∼= EndT op(Af), Aop ∼= EndT (fA), Z(A) ∼= Z(T ).

Proof. Put B = A/AfA and I = AfA. By Lemma 6.1, Exti
A(B, A) = 0 for i = 0, 1 on both sides. Since

A is finitely generated as a k-algebra and B is finite-dimensional, B is finitely presented as both a left
and a right A-module. Thus I is finitely generated on both sides; expressing its generators as sums
afb shows that Af and fA are finite over T . The two endomorphism isomorphisms follow from [Buc03,
Proposition 2.9], applied to A and Aop. The centre identification follows from [Buc03, Corollary 5.6]. □

The following proposition extends the NCCR and Satake assertions of [KS23, Conjecture 1.4] from
q = 1 to all classical parameters. Its homological input is Lemma 6.1, which follows from Corollary 1.2.

Proposition 6.6. Let k be any field, let Q be an affine Dynkin quiver of type D or E, and let δ be its
minimal positive imaginary root. Suppose q ∈ (k×)Q0 satisfies qδ =

∏
i qδi

i = 1. Set A = Λq(Q), let e be
an extending vertex idempotent, and put R = eAe. Then R is a normal Gorenstein affine surface domain,

A ∼= EndR(Ae)
is a noncommutative crepant resolution of R, and the Satake map Z(A) −→ R, z 7−→ ez, is an isomorphism.

Proof. For every vertex sum used below, deleting its vertices leaves finite Dynkin diagrams. Thus [Sha05,
Theorem 3.1.1] gives the finite-dimensional quotient required by Lemma 6.5.

We prove that R is a commutative domain, beginning with Q = D̃n. Put m = n − 4, label the chain
v0, . . . , vm and the two leaves at each end a, b and c, d, with e = ea. We may orient the leaf arrows into
the chain and its arrows fj : vj → vj−1, ordered a, b, f1, . . . , fm, c, d, by [CS06, Theorem 1.4]. Write

α = q−1
a , β = q−1

b , γ = q−1
c , η = q−1

d , ℓ = qv0 , λ = qvm
, s =

m−1∏
i=1

qvi
, tj =

j−1∏
i=1

qvi
.

For m = 0 take s = λ = 1 and ℓ to be the central parameter. The classical condition is (ℓsλ)2 = αβγη.
Set

D0 = ℓ2

αβ
, cL = ℓ(1 + β)

β
, ν = γ(1 + η)

sλ
, σ(z) = D0/z.

Let f =
∑

evi
. The corner fAf has the chain arrows and the four loops Uj = 1 + jj∗, satisfying

U2
j = (1 + q−1

j )Uj − q−1
j and the vertex product relations. This presentation is exact: every module for it

extends across a leaf using im(Uj − 1) as its space, inclusion as its incoming map and Uj − 1 as its reverse
map. Applying this construction to the regular module excludes further relations. Set zv0 = ℓ(UaUb)−1

and zvj
= t−1

j (1 + f∗
j fj) for j ≥ 1. Eliminating Ub, Ud gives a copy of k[z±1] at each chain vertex,

intertwined by its arrows, with
fjf∗

j = tjzvj−1 − evj−1 , f∗
j fj = tjzvj

− evj
.

The remaining loops U = Ua, V = Uc satisfy
U2 = (1 + α)U − α, Uz = σ(z)U + cL − (1 + α)D0/z,

V 2 = (1 + γ)V − γ, V z = σ(z)V + (1 + γ)z − ν.
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These relations express each element uniquely as a finite sum of paths containing none of U2, V 2, fjf∗
j , f∗

j fj ,
with Laurent coefficients on the left. To check the overlaps, write an endpoint rule as Wr = σ(r)W + ∂(r)
and W 2 = aW − b. Here

∂(r) = w(r − σ(r)), w =


cLz − (1 + α)D0

z2 − D0
, W = U,

(1 + γ)z2 − νz

z2 − D0
, W = V.

These formulas are used in k(z); ∂ preserves k[z±1]. In either case, w+σ(w) = a, whence ∂σ+σ∂ = a(σ−1)
and ∂2 = a∂, resolving W 2r; W 3 follows from the scalar quadratic relation. Both reductions of fjf∗

j fj

give (tjzvj−1 − evj−1)fj ; likewise for f∗
j fjf∗

j . Together with coefficient multiplication these are all overlaps.
The reductions terminate: the quadratic relations shorten paths, and the remaining rules move Laurent
coefficients to the left or multiply adjacent coefficients.

It follows that h = z + D0/z is central in fAf , which is free over k[h]. By Lemma 6.5, h extends to
Z(A). If 0 ̸= p ∈ k[h] and p(h)x = 0, then fAxAf = 0 by this freeness. The vanishing of maps from
A/AfA-modules to A, on both sides, gives x = 0. Thus A embeds in its localisation over K = k(h). Let
L/K split z2 − hz + D0; its roots are distinct in every characteristic. Each chain arrow becomes invertible
since Nm(tjz − 1) = 1 − tjh + t2

jD0 ̸= 0. After collapsing the chain, the two spectral idempotents of z
give off-diagonal products

ρU = −αh2 + (1 + α)cLh − c2
L − (α − 1)2D0

h2 − 4D0
, ρV = −γh2 + (1 + γ)νh − ν2 − (γ − 1)2D0

h2 − 4D0
.

Both are nonzero. One off-diagonal pair supplies matrix units and the other a free invertible loop, so the
collapsed algebra is Mat2(L[w±1]). Put Aa = aa∗ and Ab = bb∗. The leaf relation gives

X = a∗Aba = αβ

ℓ
h − α − β ̸= 0.

The maps a and X−1a∗Ab identify the extending leaf with the rank-one idempotent AaAb/X; Aa = U − 1
has rank one even when α = 1, since its off-diagonal entries are nonzero. Thus R embeds in a rank-one
corner of this matrix algebra and is a commutative domain.

For types E, first work over S = Z[q±1
i ]/(qδ − 1), a Laurent polynomial ring since δe = 1. The tree

dg algebra of Definition 3.4 is a bounded-above complex of free S-modules. Its residue-field fibres have
cohomology only in degree zero by Corollary 1.2. The residue-field criterion for flat dimension [CIM19, §4,
(4.1)] therefore makes its degree-zero cohomology S-flat, with all other cohomology zero. By Lemma 3.6
this is the universal multiplicative preprojective algebra. Hence its extending corner is S-flat, and generic
commutativity implies commutativity in every fibre.

To apply [EOR07, Corollary 6.9] at the generic point, use the arm roots αja of Equation (3.17) and
choose

κ
dj

j = (−1)dj−1
∏

a

αja,
∏

j

κj = q0.

Such choices exist after a root extension: if N is the central multiplicity, the classical condition gives
(
∏

j κj)N = qN
0 , and a longest arm has dj = N . The rescaled generators Uj/κj give the presentation

of [EOR07, §5.1] with quantum parameter 1. At generic parameters the extending tip is a simple-root
spectral idempotent on a longest arm, so its corner is commutative by their theorem.

It remains to prove that this commutative corner is a domain, including in positive characteristic. Let
H = e0Ae0 and use the filtration F123 of [EOR07, §6.1]. Rains’s reduction rules [EOR07, §8.1]2 are monic
over the ring generated over Z by the polynomial coefficients and the inverses of their constant terms
and the quantum parameter. Repeated application of the reduction rules expresses every element as a
linear combination, over this coefficient ring, of words to which no rule applies. These words are linearly
independent over its characteristic-zero fraction field by [EOR07, Theorem 6.1], and hence form an integral

2E. Rains, The Magma code for computations in H(t, q), https://math.mit.edu/~etingof/src.tar.gz, cited as [Ra] in
[EOR07]. We use the constructions of the reduction rules in alge6comp.note, alge7comp.note and alge8comp.note, before
the subsequent coefficient-solving computations.

https://math.mit.edu/~etingof/src.tar.gz
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filtered basis, valid after every specialisation. By [EOR07, Theorems 6.3 and 6.5], the graded dimensions
are l in degree zero and nl2 in degree n ≥ 1, where l = 3, 4, 6 for E6, E7, E8.

Over k, make the same root normalisation and let C be the companion matrix of the degree-zero
polynomial in that presentation, with Cei = ei+1 for i < l, and put P = E11. We identify gr H with the
following graded algebra [EOR07, Theorem 6.5]:

B =
⊕
n≥0

Bntn, Bn = {F (x) ∈ Matl(k[x]) : deg F ≤ n, F (−1) = CF (0)C−1}.

Here is a characteristic-free verification. The degree-zero and degree-one generators map to C and
fP = P + x(P − CPC−1). Cyclicity of the first row and column of C makes CiPCj span all matrices, so
the images generate every fM = M + x(M − CMC−1). Put W = im(1 − AdC) and E = P − CPC−1.
Since PCP = PC2P = 0, we have ECE = −CP . As W is stable under multiplication by k[C] on both
sides, products of two, and hence of any n ≥ 2, elements of W span all matrices. Induction on the
polynomial degree generates every Bn, using fI = I ∈ B1 to raise graded degree. The defining leading
relations hold integrally, since they are Laurent polynomial identities valid over the characteristic-zero
fraction field. Thus there is a surjection gr H → B, and the matching graded dimensions make it an
isomorphism. The generator rescalings use only roots of −1, which exist over k in every characteristic.
Inside Matl(k(x))[t], the fM span all matrices over k(x), because det(1 + x(1 − AdC)) has constant term 1.
Hence central homogeneous elements are scalar and Z(B) is a domain. The inclusion gr Z(H) ⊂ Z(gr H)
proves that Z(H) is a domain. Lemma 6.5 identifies R = Z(A) = Z(H); descent proves the claim over k.

By Lemma 6.5, R = Z(A), A ∼= EndR(Ae), and Ae, eA are finite over R. Hence AeA and A/AeA, and
therefore A, are finite over R. The Artin-Tate lemma makes R affine, so both rings are noetherian.

Every simple A-module V is finite-dimensional. By Lemma 6.1, Ext2
A(V, A) ̸= 0 and gl. dim A ≤ 2, so

pdA V = 2. By [BH84, Theorems 2.5, 5.3 and 6.1], R is a normal surface and A is maximal Cohen-Macaulay
over R. By [Pre17, Theorem 4.1(i)], R is Gorenstein. The direct summand Ae of A is therefore reflexive,
so A ∼= EndR(Ae) is an NCCR. □

For the following remark and Lemma 6.8, take q = 1.

Remark 6.7. For the four stars, the generalised DAHA H = e0Ae0 at the unipotent point also has centre
R: it is the endomorphism ring of the nonzero reflexive R-module e0Ae, so normality gives Z(H) = R.
However, e0 is not full, since it annihilates every arm vertex-simple module.

Lemma 6.8. Over any field, the origin of SQ is a du Val singularity of geometric type Dn, E6, E7 or
E8, respectively.

Proof. Work over k. In type D, suppose first that char k ̸= 2 and put m = n − 4. In the completed local
ring at the origin, set

W =
√

x + 4
(

z − x(y − pm)
2

)
, V = (x + 4)y − x(pm + 2pm−1)

2 .

The square root is the formal power series with constant term 2. By Equation (6.4),
(x + 4)fQ = −W 2 + xV 2 + (−1)m+1xn−1.

Since x + 4 is a unit and the change of coordinates is invertible, this is the du Val form of type Dn.

In types E, first suppose that the characteristic is different from 2, 3 for E6, E7, and from 2, 3, 5 for E8.
The weighted initial form gQ is obtained by omitting xyz. These are the corresponding du Val forms; for
E6, completing the square gives z′2 − x4/4 + y3. The weighted Tjurina algebra

k[x, y, z]/(gQ, ∂xgQ, ∂ygQ, ∂zgQ)
has top nonzero weight 10 < 12, 16 < 18, or 28 < 30, respectively, strictly below the weight of gQ. At each
successive weight, the error lies in the ideal generated by gQ and its partial derivatives. Multiplication by
a unit and a coordinate change remove that weighted piece; the corrections have strictly higher weight
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than the terms they modify, so iteration converges in the completed local ring. Hence the origin has the
asserted du Val type.

In the remaining characteristics, we compare with Artin’s normal forms, listed in [Art77, Section 3,
pp. 15–17]. For type D in characteristic two, put m = n − 4 and substitute y = Y + pm, z = Z + xpm−1.
Equation (6.4) gives

fQ = Z2 + xY Z + xY 2 + xn−2.

For n = 2r, set Z = W + xr−1; for n = 2r + 1, set Y = V + xr−1. The resulting equations are the
listed Dn forms after interchanging the first two coordinates. In characteristic two, the three E equations
are already the listed forms after interchanging x, y. In characteristic three, completing the square and
interchanging x, y gives the listed E7 and E8 forms, up to rescaling coordinates by nonzero constants.

For E6 in characteristic three, completing the square and then setting x = X + y gives

z′2 + y3(1 − y) − X4 − X2y2.

The substitution

(y, X, z′) =
(

u

1 + u
,

v

1 + u
,

w

(1 + u)2

)
turns this, up to a unit, into w2 + u3 − v4 − u2v2. Rescaling u, w gives the listed E6 form. For E8 in
characteristic five, completing the square and setting y = U + 3x2 gives

z′2 + U3 + x5(1 + x) + 3Ux4.

The substitution

(x, U, z′) =
(

v

1 − v
,

u

(1 − v)2 ,
w

(1 − v)3

)
gives w2 + u3 + v5 + 3uv4 up to a unit. Rescaling coordinates gives the listed E8 form. All these changes
are invertible in the completed local ring, so the asserted geometric types follow. □

The following type A model supplies the local charts for types III and IV . For n = 2, 3, give S = k[r, s]
the Z/n-grading with deg r = 1, deg s = −1, and write Sa for its graded pieces. Label the arrows of the
doubled cycle by ai : i → i + 1 and a∗

i : i + 1 → i, with indices in Z/n. The identification

Π(Ãn−1) ∼= {(mji) ∈ Matn(S) : mji ∈ Sj−i}

sends
ei 7−→ Eii, ai 7−→ rEi+1,i, a∗

i 7−→ sEi,i+1.

Its centre is S0 = k[rn, sn, rs], with Y = rn, Z = sn and t = rs. After extending to an algebraic closure
and completing at the origin, this is the quotient construction for the group scheme µn acting with weights
(1, −1) in [Van04a, Example 1.1] in characteristic zero and [LY24, Theorems 1.5 and 1.7] in positive
characteristic. Away from the origin, the algebra is locally a matrix algebra. The assertions descend to k
by faithful flatness.

Lemma 6.9. Over any field, the ordinary preprojective algebra Π(Ãn−1), for n = 2, 3, is a noncommutative
crepant resolution of

Rn = k[Y, Z, t]/(Y Z − tn).
For each vertex idempotent e, restriction and left multiplication give isomorphisms

Z
(
Π(Ãn−1)

) ∼−→ eΠ(Ãn−1)e ∼= Rn,

Π(Ãn−1) ∼−→ EndRn

(
Π(Ãn−1)e

)
.

For n = 2, 3, we also use the doubled cycle with a central parameter t and relations

a∗
j aj = (t − λj)ej , aja∗

j = (t − λj)ej+1,
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where λ1, . . . , λn ∈ k and indices are read cyclically. Cancelling adjacent reversed arrows gives a k[t]-basis
of idempotents and paths following either orientation: the overlapping reductions on paths of length three
agree. Thus each vertex corner, and the centre, is

k[t, Y, Z]/
(

Y Z −
n∏

j=1
(t − λj)

)
,

where Y, Z are the two oriented cycles; the algebra is finite over this ring. It is again an NCCR. Indeed,
near t = c, invert the factors with λj ̸= c and contract the corresponding invertible arrow pairs, retaining
the chosen vertex. If c occurs m times, the resulting full corner is a localisation of Π(Ãm−1) with
parameter t − c; for m = 1 this is k[Y, Z]. The deleted vertices give repeated vertex-projective summands,
so Lemma 6.9 also gives reflexivity and the endomorphism presentation for the original algebra. Away
from all roots, it is a matrix algebra over a smooth ring. These local descriptions give global dimension
at most two and the NCCR assertion, and show that a root of multiplicity m ≥ 2 gives a split Am−1
singularity.

Proposition 6.10. For F = II, III, IV and classical parameters q, let A = AF (q) and let RF (q) be the
coordinate ring of the corresponding cubic following Corollary 1.4. Over any field, this ring is normal and
Gorenstein, and the Satake and left-multiplication maps give

Z(A) ∼−→ e1Ae1 = RF (q), A ∼= EndRF (q)(Ae1).
The algebra A is a noncommutative crepant resolution. Its centre has precisely the singularities described
in the introduction. For type II, A = RII is smooth.

Proof. For II, the presentation in Section 3.6 gives A = RII . A singular point would satisfy xy = yz = −1
and xz = 0, which is impossible over any field.

For III and IV , we use two localisations: one is a deformed doubled cycle as above, and the other is a
matrix algebra over a smooth surface.

For III, the arrows are a, c : 1 → 2 and b, d : 2 → 1. Put q = q1 = q−1
2 , and write r1, r2 for the two

relations in Equation (3.22). The identities
q(abc − cba) = r2(a + c + cba) − (a + c + abc)r1,

dab − bad = dr2 − r1d − d(abc − cba)d
give abc = cba and dab = bad, so u = ba + ab is central. Put v = dc, w = bc in the corner e1Ae1, and set
ρ(u) = u(u + 1 − q). We compute this corner and the centre after inverting 1 + u and ρ(u).

After inverting 1 + u, replace c by c′ = −a − (1 + u)c. The relations become
ba = ue1, ab = ue2, dc′ = (u + 1 − q)e1, c′d = (u + 1 − q)e2.

The inverse substitution c = −(c′ + a)/(1 + u) identifies A[(1 + u)−1] with the doubled-cycle algebra
having paired products u and u + 1 − q, localised at 1 + u. The two cyclic paths at vertex 1 are

Y = da = q − 1 − u − (1 + u)v, Z = bc′ = −u − (1 + u)w.

The path calculation above shows that the e1 corner is generated by u, Y, Z, (1 + u)−1 with relation
Y Z = ρ(u), and restriction z 7→ e1ze1 identifies the centre with this corner. Since

Y Z − ρ(u) = (1 + u)
(
uv + (u + 1 − q)w + (1 + u)vw

)
,

both are isomorphic to R[(1 + u)−1], where
(6.11) R = k[u, v, w]/

(
uv + (u + 1 − q)w + (1 + u)vw

)
.

After inverting ρ(u), the arrow a has inverse a−1 = u−1b. Put C = e1A[ρ(u)−1]e1 and retain Y = da.
The matrix units e1, e2, a, a−1 give A[ρ(u)−1] ∼= Mat2(C), with arrow images

a 7−→ E21, b 7−→ uE12, c 7−→ (w/u)E21, d 7−→ Y E12.

Thus C is generated over k[u, ρ(u)−1] by Y, w with relations
Y Z = ZY = ρ(u), Z = −u − (1 + u)w.
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Since Y −1 = ρ(u)−1Z commutes with w, so does Y . The inverse substitutions v = Y w/u and w = uv/Y
give

C ∼= k[u, ρ(u)−1, v, Y −1] ∼= R[ρ(u)−1], Y = q − 1 − u − (1 + u)v.

For the latter isomorphism, Y Z = ρ(u) and Y w = uv also hold in R[ρ(u)−1]. Hence this chart is a
matrix algebra over a smooth surface. The change of variables (x, y, z) = (−1 − u, −1 − v, 1 + w) turns
Equation (6.11) into xyz + x + y − qz + 1 + q = 0.

For IV , put α = q1, β = q1q2 = q−1
3 and h = c + bd. The defining relations become

r1 = ebda − eha + eb + da + (1 − α)e1 = 0,

r2 = adfh + aeh + fh − βad + (α − β)e2 = 0,

r3 = hf + be + (1 − β)e3 = 0.

(6.12)

Indeed, the braid matrix in Equation (3.20) is

P =

e1 d e + df
a e2 + ad ae + f + adf
b h e3 + be + hf

 .

The original relations say that P −1 = QLU, where Q = diag(qiei) and L, U are lower and upper
unitriangular. Equivalently, P = U−1L−1Q−1. Eliminating from the bottom right gives pivots βe3 and
(α/β)e2 precisely when r3 = r2 = 0. The remaining pivot has inverse (P −1)11 = αe1 + r1, so it is α−1e1
precisely when r1 = 0.

Set L1 = e1 + eb, L2 = βe2 − fh, L3 = e3 + be, and put d′ = L1d − eh, d′′ = dL2 − eh. The identity

α(d′ − d′′) = d′r2 + r1d′′ + er3h

gives d′ = d′′. Put L = L1 + L2 + L3. The paired products are
d′a = (α − L)e1, ad′ = (α − L)e2,

hf = (β − L)e3, fh = (β − L)e2,

e(−b) = (1 − L)e1, (−b)e = (1 − L)e3.

By associativity, these equalities and L1d = dL2 show that L is central. After inverting L, the substitution
d = L−1(d′ + eh) identifies A[L−1] with the deformed doubled triangle having oriented cycle a, h, e and
the displayed paired products. Put

ρ(L) = (1 − L)(α − L)(β − L), p = da, v = (β − L)e1 − dfb.

In the e1 corner,

Y = eha = Lp − (α − L), Z = −d′fb = Lv − (β − L), Y Z = ρ(L).

The doubled-cycle calculation identifies the centre of A[L−1] with its e1 corner, and both are isomorphic
to the L-localisation of

(6.13) R = k[L, p, v]/
(
Lpv − (β − L)p − (α − L)v + (α − L)(β − L)

)
.

On D(ρ(L)) the arrows a, h, e are invertible between vertices. Using a and e to choose matrix units, the
original arrows have images

a 7−→ E21, b 7−→ (L − 1)E31, c 7−→ (p + L − α)E32,

d 7−→ pE12, e 7−→ E13, f 7−→ ((β − L)/Y )E23,

where Y = Lp − (α − L). Every arrow is expressed in terms of the central element L and p, so the corner
is commutative. These substitutions and their inverse give

A[ρ(L)−1] ∼= Mat3 k[L, ρ(L)−1, p, Y −1] ∼= Mat3 R[ρ(L)−1],

where v = (β − L)(p − α + L)/Y . Substituting (x, y, z) = (−L, −1 − p, 1 + v) in Equation (6.13) gives the
stated cubic.
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The two localisations cover, since ρ(−1) = q ̸= 0 for III and ρ(0) = αβ ̸= 0 for IV . The natural
map from A to the product of these two localisations is injective. The corner identifications agree on the
overlap, as do the unique central lifts of their generators. Thus restriction induces an isomorphism

Z(A) ∼−→ e1Ae1 ∼= R, z 7−→ e1ze1.

Both charts are integral and their overlap is nonempty. The second chart is smooth. On the first,
singularities correspond to repeated roots of ρ: 0, q − 1 for III, and 1, α, β for IV . Their multiplicities
give exactly the stated split A1 and A2 singularities. All three coordinate rings are hypersurfaces with at
most isolated singularities, hence are normal by Serre’s criterion and Gorenstein.

By the doubled-cycle calculation and the matrix presentation, A is finite over R and Ae1 is reflexive.
Left multiplication gives

A −→ EndR(Ae1), a 7−→ (m 7→ am).
This is an isomorphism on both charts, hence globally. The maximal Cohen-Macaulay condition and finite
global dimension also follow locally, so A is a noncommutative crepant resolution. □

Proof of Corollary 1.4. Let A be the algebra in the statement and put R = Z(A) and M = Ae, where
e is an extending vertex idempotent for affine D, E and e = e1 for II, III, IV . By Propositions 6.6
and 6.10, R is a normal Gorenstein surface domain and A = EndR(M) is an NCCR, with the same
assertions after any field extension. Applying [Dao+15, Corollary 3.3] to geometric henselian local rings
shows that the geometric singularities are rational double points. By [IW13, proof of Proposition 2.6]
and [GI18, Theorem 4.3], the module blowup S̃ = BlM (Spec R) is geometrically the minimal resolution.
Compatibility with flat base change [GI18, Corollary 2.6(ii)] gives a projective crepant minimal resolution
over k with smooth source.

Van den Bergh’s tilting construction [Van04b, Corollary 3.2.11] and Morita equivalence of surface
NCCRs [IW13, Theorem 1.5(1)] give Perf(S̃) ≃ Perf(A). Combining this with Theorem 1.1 proves the
corollary. □

6.3. Hecke algebras and tensor powers. For our inward-oriented arms, the vertex relations give
αja =

∏a
p=1 q−1

(j,p), so we label the roots at the group-algebra point by ζ−a
j .

We consider the specialisation of Etingof’s formal orbifold Hecke algebra for E/G [Eti17, Definition 3.3
and Example 3.12] in which each defining polynomial has constant term −1. We compare it with the
completed central corner of our multiplicative preprojective algebra. Put

Rτ = C[[τja : 1 ≤ j ≤ s, 1 ≤ a < dj ]], τj0 = −
dj−1∑
a=1

τja.

The Hecke algebra is the (τ )-adic completion of
Rτ ⟨γ±1

1 , . . . , γ±1
s ⟩(∏dj−1

a=0 (γj − ζ−a
j eτja) (1 ≤ j ≤ s), γ1 · · · γs − 1

) .

The condition
∑

a τja = 0 fixes the constant term of each Hecke polynomial to −1. These root coordinates
are related to the coefficient parameters ℏ of [Hon+26, Definition 6.2] by the formal change of variables in
[Hon+26, Lemma 6.3].

Rescale the generators and set

(6.14) Uj = e−τj0γj , q(j,p)(τ ) = ζjeτj,p−1−τjp , q(τ ) = e
−

∑
j

τj0 .

The roots for Uj are then αja = ζ−a
j eτja−τj0 . By (3.17), the completed central corner is

̂
e0Λq(τ )

Rτ
(Q)e0 ∼=

 Rτ ⟨U±1
1 , . . . , U±1

s ⟩(∏dj−1
a=0 (Uj − ζ−a

j eτja−τj0) (1 ≤ j ≤ s), U1 · · · Us − e
−

∑
j

τj0

)


∧

.
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Both completions are with respect to (τ ). The substitution γj = eτj0Uj identifies this algebra with the
completed Hecke algebra above.

For arbitrary nonzero multiplicative preprojective parameters, the roots on each arm satisfy
dj−1∏
a=0

αja =
dj−1∏
p=1

q
−(dj−p)
(j,p) .

After extending the coefficient field if necessary, choose

κ
dj

j = (−1)dj−1
∏

a

αja, q̃ = q∏
j κj

.

Since
∑

j(1 − 1/dj) = 2, raising these equations to the powers N/dj cancels the signs and gives the
choice-independent identity

(6.15) q̃N = qN
s∏

j=1

dj−1∏
p=1

q
N(dj−p)/dj

(j,p) .

These exponents are the component multiplicities of F , so

q̃ N = b([F ]).

For the formal family above, we may take κj = e−τj0 , giving q̃ = 1. Thus the family lies on the
normalised q̃ = 1 locus, while its central parameter q varies with the roots.

Keeping q(j,p) = ζj and allowing arbitrary q ∈ k×, [EOR07, Sections 2 and 4.1] extend Equation (3.19)
to

(6.16) e0Λq(Q)e0 ∼= AqN ⋊ µN ,

with the cyclic action described there. The presentation isomorphisms are defined over Z[q±1], so they
apply over k. Fullness of the central idempotent follows from Lemma 3.18; Theorem 1.1 then gives
Equation (1.8).

The corresponding higher-rank generalised double affine Hecke algebra Hn(u, τ) has parameters
uja, τ ∈ k×, 1 ≤ j ≤ s, 1 ≤ a ≤ dj . Its invertible generators V1, . . . , Vs, S1, . . . , Sn−1 satisfy the integral
presentation [EGO06, Definition 3.2.1]

(6.17)

(V1 · · · Vs)Jn = 1, Jn = S1 · · · Sn−2S2
n−1Sn−2 · · · S1,

SaSa+1Sa = Sa+1SaSa+1 (1 ≤ a < n − 1),
[Sa, Sb] = 0 (|a − b| > 1), [Vj , Sa] = 0 (2 ≤ a < n),

[Vj , S1VjS1] = 0, [Vi, S−1
1 VjS1] = 0 (i < j),

dj∏
a=1

(Vj − uja) = 0 (1 ≤ j ≤ s), (Sa − τ)(Sa + τ−1) = 0 (1 ≤ a < n).

Here brackets are commutators. For n = 2, J2 = S2
1 ; for n = 1, omit all Sa and their relations and set

J1 = 1. The parameter dictionary is

uja = αj,a−1 (j < s), usa = q−1αs,a−1.

Thus Vj = Uj for j < s and Vs = q−1Us identify H1(u) with e0Λq(Q)e0.

The quantum parameter in [EGO06, Section 5.1] is
∏

j,a u
−N/dj

ja = q̃N .

With Λq
n as in the introduction, put

B
q
Q,n = (Bq

Q)⊗n ⋊ Sn, pn = e⊗n
0 .

The dg permutation action uses Koszul signs.
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Proposition 6.18. Over any field and at every multiplicative parameter,
B

q
Q,n ≃ Λq

n, pnΛq
npn

∼= Hn(u, 1).
If no nonempty consecutive product of parameters on a leg is one, pn is full. At the unipotent point it is
not full.

Proof. Tensor the quasi-isomorphism of Corollary 1.2 n times over the field. It commutes with permutations
with Koszul signs. Taking a skew group algebra preserves this quasi-isomorphism: its underlying complex
is a finite direct sum, so no exactness of invariants is needed. Since pn is permutation-invariant, its corner
is (e0Λq(Q)e0)⊗n ⋊ Sn.

At τ = 1, the standard identification [EGO06, Remark 3.2.2] gives
Hn(u, 1) ∼= H1(u)⊗n ⋊ Sn.

It sends Vj to the first tensor factor and Sa to the adjacent transposition; its inverse places the rank-one
generators in each tensor position by conjugation. These maps are defined over any field and require no
division by n!. Together with the rank-one identification above, this proves the corner assertion.

Fullness follows by tensoring an expression 1 =
∑

aℓe0bℓ supplied by Lemma 3.18. At the unipotent
point, a vertex-simple module supported on an arm has a nonzero nth tensor power with permutation
action. The resulting Λ1

n-module is annihilated by pn, which therefore cannot be full. □

For general interaction parameter τ , an ordinary multiplicative analogue with corner Hn(u, τ) was
proposed in [EGO06, Introduction]. Constructing an interacting dg model and computing the corresponding
wrapped category require further work.

At the group-algebra point let Hgrp
n be the algebra defined by Equation (6.17) with its polynomial

relations replaced by V
dj

j = 1 and S2
a = 1. This definition needs no roots of unity. The same identification

gives
Hgrp

n
∼= k[(Γ ⋊ G)n ⋊ Sn] ∼= k[Γn] ⋊ Gn.

6.4. Equivariant mirror symmetry. Let N ∈ {2, 3, 4, 6} and let E = C/Λ admit multiplication by
ζN = e2πi/N . Set

XN = Res((E × Cz)/µN ), (w, z) 7−→ (ζN w, ζ−1
N z).

The invariant function zN induces a proper map t : XN → C, and dw ∧ dz extends to a nonvanishing
holomorphic two-form Ω on XN . The elliptic curve is arbitrary for N = 2, has j = 1728 for N = 4, and
has j = 0 for N = 3, 6. The stabilisers and central fibres are listed below.

(6.19)

N F stabiliser orders singularities before resolution
2 I∗

0 (2, 2, 2, 2) 4A1
3 IV ∗ (3, 3, 3) 3A2
4 III∗ (2, 4, 4) A1 + 2A3
6 II∗ (2, 3, 6) A1 + A2 + A5.

The stabilisers are computed from the kernels of 1 − ζk
N . The central component E/µN has multiplicity

N , and an order-d stabiliser contributes an arm with multiplicities
N

d
,

2N

d
, . . . ,

(d − 1)N
d

from the tip towards the centre, as shown in Figure 10.
Proposition 6.20. The surface XN , with ω = Re Ω, admits a complete Liouville structure exact
symplectomorphic to the completed affine plumbing of type D̃4, Ẽ6, Ẽ7, Ẽ8 for N = 2, 3, 4, 6, respectively.

Proof. The real dilation of z lifts to a complete field Z with LZΩ = Ω. Its primitive λ = ιZ Re Ω vanishes
on Fred, and Z log |t| = N > 0 away from F . Properness of t identifies XN with the completion of (Wϵ, λ).
The convex path joining λ to the primitive of Proposition 2.11 has outward-pointing Liouville fields along
∂Wϵ, so their completions are exact symplectomorphic by [CE12, Lemma 11.6 and Proposition 11.8]. Now
apply Theorem 2.1(1). □
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1
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Figure 10. The numbers are component multiplicities.

Let C be a split-closed pretriangulated category with a coherent action of a finite group G and a
split-generator F . If |G| ∈ k×, then Ind F =

⊕
g∈G gF split-generates CG. Indeed, induction expresses

Ind(Forget E) in terms of Ind F , and the coinduction unit divided by |G| splits the counit onto E. In
particular, if G acts on an algebra A, then
(6.21) Perf(A)G ≃ Perf(A ⋊ G).
Here the induced free right module has endomorphism algebra A ⋊ G. For commutative A, equivariant
descent also identifies these categories with Perf([Spec A/G]).

Before the torus quotients of Corollary 1.7 and Theorem 1.10 we work out the simplest equivariant
example, the reflection of the circle. Let char k ̸= 2 and B = k⟨u, v⟩/(u2 − 1, v2 − 1). For x = uv, we have
uxu = x−1; conversely v = ux recovers the two-involution presentation. Hence
(6.22) B ∼= k[x±1] ⋊ µ2, Perf(B) ≃ Perf([Gm,k/µ2]).
Its centre is k[x + x−1]: commuting with x kills the coefficient of u, and commuting with u imposes
inversion invariance. The coarse quotient is an affine line; the stack also records the stabilisers at x = ±1.

The symplectic model is the reflection (θ, p) 7→ (−θ, −p) on (T ∗S1, p dθ). Use the vertical cotangent
grading, zero equivariant background, and trivial Pin+ structures in the flat frames. On both a fibre
and the zero section choose the reflection lift ϵ with ϵ2 = 1. A fibre F over a nonfixed point x gives the
equivariant object F ⊕ σF . For the flat metric and Hamiltonian p2/2, every relative path class has a
unique geodesic, of index zero. Thus its path-space Floer model has cohomology in degree zero [Abo11;
Abo12].

The equivariant algebra has basis (g, [γ]), where γ : gx → x, and multiplication
(g, [γ])(h, [δ]) = (gh, [γ ◦ (gδ)]).

For a reflection-fixed point x0 and a path η : x0 → x, the paths η ◦ (gη)−1 split the extension by π1(S1).
This identifies the path group with Z ⋊ µ2 and its algebra with B. Since the cohomology lies in degree
zero, the algebra is formal. Fibre generation and the preceding induction argument give

Wµ2(T ∗S1) ≃ Perf(B) ≃ Perf([Gm,k/µ2]).

For the torus cotangent categories, WGn
denotes the category of coherent Gn-equivariant objects in

W(T ∗Tn). By coherent equivariant objects we mean homotopy equivariant objects, in the sense discussed
in [AS21, Section 6.1]. We use the canonical cotangent grading and the equivariant relative spin background
π∗TTn, where π : T ∗Tn → Tn is the projection. For n = 1, this gives the conventions for WG(T ∗T).

Proof of Corollary 1.7 and Theorem 1.10. Give Tn a product of G-invariant flat metrics. Each factor of
Gn = Gn ⋊ Sn preserves orientation, and swapping two real two-dimensional blocks has sign (−1)4 = 1.
The cotangent-fibre equivalence [Abo11; Abo12] and its coherent naturality for orientation-preserving base
diffeomorphisms [OT24, Theorems 1.0.12 and 6.0.1] therefore apply to this action. These constructions
allow the coefficient field k with the stated brane data [OT24, Choice 1.2.1].

The chosen relative spin background allows the Gn-action on the cotangent fibre to lift to its relative
spin structure compatibly with the group law [Hon+26, Example 3.3]. At the fixed origin, put V = T0Tn.
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The relative spin representation is V ∗ ⊕ V ∼= V ⊕ V , and the diagonal SO(V )-action lifts to Spin(V ⊕ V ):
its map on fundamental groups is twice the usual map and hence zero modulo two. This gives coherent
lifts of the Gn-action, including the permutations.

Projection to components gives an equivariant quasi-isomorphism
C−∗(Ω0Tn; k) −→ k[Γn], g(Xγ) = Xgγ ,

because each based-loop component is contractible. Since Nnn! is invertible, Equation (6.21) applies:
the induced fibre generates and has endomorphism algebra k[Γn] ⋊ Gn. Equivariant descent proves the
torus-stack equivalence of Theorem 1.10.

If the ζj belong to k, the group corner of Equation (3.19) is full by Lemma 3.18. Proposition 6.18
makes pn full with corner Hgrp

n , proving the remaining equivalence. For n = 1, Theorem 1.1 at bgrp also
identifies the category of the smooth surface, which proves Corollary 1.7. □

6.5. Hilbert schemes. Recall that Yn = Hilbn(MQ), and that
hn : Yn −→ Symn(MQ) −→ Symn(C)

is induced by f : MQ → C. Let Ωn be the induced holomorphic symplectic form and Vn the generator of
positive real cotangent scaling.

Proposition 6.23. The form λn = ιVn
Re Ωn makes Yn a finite-type Liouville manifold of real dimension

4n, with skeleton the underlying set of h−1
n (0).

Proof. The Hilbert scheme of a smooth holomorphic symplectic surface is smooth and holomorphic
symplectic by the local construction in [Bea83, Section 6, Proposition 5]. Cotangent scaling lifts to it
and has weight one on Ωn. Cartan’s formula gives dλn = Re Ωn, with complete Liouville vector field Vn

induced by positive real scaling. Hilbert-Chow is projective and f is proper, so hn is proper. If b1, . . . , bn

are elementary symmetric coordinates on its base, their weights are N, 2N, . . . , nN . Hence

ρn =
n∑

j=1
|bj ◦ hn|2, Vnρn = 2N

n∑
j=1

j|bj ◦ hn|2 > 0 off h−1
n (0).

Every positive sublevel is a compact Liouville domain. Outside the zero fibre, each flow line crosses every
positive level exactly once; its forward trajectory escapes every compact set. The zero fibre is compact
and invariant. Thus the completion is Yn and the skeleton is precisely that fibre. □

The Hilbert-Chow map introduces exceptional curves where points collide. In Conjecture 1.12, we
assign weight −1 to a collision line and retain weight 1 on classes inherited from MQ.

Near a configuration with one double point and all other points distinct, Hilbert-Chow is locally an A1
resolution times a smooth factor. The normalised Hecke generator τ−1Sa has roots 1, −τ−2. Comparing
these with the local A1 leg roots 1, t−1

coll gives

tcoll = −τ2.

Thus the tensor-product case τ = 1 suggests collision weight −1, whereas collision weight 1 would give
τ2 = −1. The same sign occurs at zero orbifold parameter in the Hilbert-Chow crepant resolution
correspondence [BG09, Theorem 3.11].

Recall that the tautological rank-n bundle Vn on Yn has fibre H0(Z,OZ) at a length-n subscheme Z.
The collision class of Equation (1.11) is

bcoll(γ) = (−1)⟨c1(det Vn),γ⟩, γ ∈ H2(Yn;Z).
Its values can be computed directly. For n ≥ 2, fix n − 2 distinct points and a further point x. The
length-two subschemes supported at x form a collision line ℓ = P(TxMQ). Along this line, Vn is the sum
of n − 2 trivial summands and the rank-two bundle fitting into the evaluation sequence

0 −→ Oℓ(1) −→ V2|ℓ −→ Oℓ −→ 0.
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Hence deg(detVn|ℓ) = 1 and bcoll([ℓ]) = −1.

To represent a class coming from H2(MQ;Z), choose n − 1 distinct fixed points disjoint from a surface
representing the given two-cycle in MQ, and let the remaining point move along that surface. The
tautological bundle is trivial along this cycle: a basis is given by the functions that are 1 at one labelled
point and 0 at the others. Thus c1(detVn) evaluates to zero, and the collision weight is 1.

For Conjecture 1.12, we use the relative spin background
βn = c1(detVn) mod 2 ∈ H2(Yn;Z/2).

An oriented brane L carries a grading, a local system, and a spin structure on TL ⊕ (detVn)R|L; the
obstruction condition is w2(TL) = βn|L. For the grading, choose a compatible almost hyperkähler structure
extending Ωn and use the complex volume form of the rotated almost complex structure compatible
with Re Ωn. Where comparison with background zero is defined, the change of orientations contributes
(−1)⟨βn,γ⟩ = bcoll(γ) for a compatibly capped class γ [Abo12, Section 2.2 and Lemma A.5]. We therefore
insert no additional scalar copy of this sign.

This background admits the compact Lagrangians expected from the surface mirror. For a core
sphere C ∼= P1, put L = Hilbn(C) ∼= Pn, which lies in the compact core. The form Ωn vanishes on
the dense locus of distinct points of C, hence on all of L, so L is Lagrangian. It is exact because
H1(L;R) = 0. The universal divisor on P1 × Pn has bidegree (n, 1); pushing forward its defining sequence
gives detVn|L ∼= O(1 − n). Thus, for the mod-two hyperplane class h,

βn|L = (n − 1)h = (n + 1)h = w2(TPn).
Consequently L is relatively spin for βn, including even n, when it is not spin for background zero.

There is also a check on endomorphisms. When n! ∈ k×, the Sn-equivariant external tensor power of
the mirror of C has endomorphism cohomology(

H∗(S2; k)⊗n
)Sn ∼= k[z]/(zn+1), |z| = 2.

Indeed, if xi is the degree-two class in the ith factor, then z = x1 + · · · + xn satisfies zj = j!ej(x1, . . . , xn),
where ej is the jth elementary symmetric polynomial. The classes e0, . . . , en form a basis of the invariant
subspace. This agrees with the self-Floer cohomology H∗(Pn; k) of L.

We now identify the algebraic category on the right-hand side of Conjecture 1.12.

Proposition 6.24. Under the field hypotheses of Conjecture 1.12,
Perf(Hilbn S̃Q) ≃ Perf(Λ1

n).

Proof. Put Y = S̃Q and A = Λ1(Q). The tilting construction and Morita equivalence used in the proof
of Corollary 1.4 give a tilting bundle T on Y with endomorphism algebra A. Its external power T⊠n is
a tilting generator on Y n, with endomorphism algebra A⊗n and the natural permutation linearisation.
Since n! ∈ k×, the equivariant-generation argument above gives

Perf([Y n/Sn]) ≃ Perf(A⊗n ⋊ Sn) = Perf(Λ1
n).

The surface Y is smooth and quasiprojective, being projective over the affine surface SQ, and char k is
zero or greater than n. The Hilbert-scheme derived McKay correspondence [Gro14, Theorem 3.11 and
Corollary 3.12] therefore gives

Perf(Hilbn Y ) ≃ Perf([Y n/Sn]).
The universal-kernel construction is defined over k, and the equivalence can be checked after faithfully
flat extension to k. Here smoothness and tameness allow passage to perfect categories. Combining the
equivalences proves the proposition. □

This identifies the algebraic mirror. A Floer comparison across the Hilbert-Chow exceptional locus
with the specified collision background remains the assertion of Conjecture 1.12.
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