HOMOLOGICAL MIRROR SYMMETRY FOR MILNOR FIBERS OF SIMPLE
SINGULARITIES

YANKI LEKILI AND KAZUSHI UEDA

ABSTRACT. We prove homological mirror symmetry for Milnor fibers of simple singularities in di-
mensions greater than one, which are among the log Fano cases of [LU, Conjecture 1.5]. The proof
is based on a relation between matrix factorizations and Calabi—Yau completions. As an application,
we give an explicit computation of the Hochschild cohomology group of the derived n-preprojective
algebra of a Dynkin quiver for any n > 1, and the symplectic cohomology group of the Milnor fiber
of any simple singularity in any dimension greater than one.

1. INTRODUCTION

A simple singularity is an isolated hypersurface singularity of modality zero. Arnold classified such
singularities; up to right equivalence, they are given by one of the following:

Apr i+ s+ + a2, =0, (=1,2,...

Dp:ai 4 mad+ad+-- a2, =0, (=4,5,...
(1.1) Eg: af +a5+ai+- +a2, =0,

E7:x?+x1x§+x§+---+xi+120,

Egzmi’+x§+m§+---+xi+1:0.

In the case n = 2, simple surface singularities have many other characterizations, such as Kleinian
singularities, rational double points, or canonical singularities, to name a few.

Let w be one of these defining polynomials, which we think of as a holomorphic function on C**!,
and equip w~1(1) with the Liouville structure induced from the standard one on C"*!'. This is the
Liouville completion of the Milnor fiber, which is the Liouville domain obtained by intersecting w—!(1)
with a ball. Let W (W~!(1)) denote the idempotent-complete derived wrapped Fukaya category of
wl(1).

For n > 2, since w~!(1) is not a log Calabi-Yau manifold but a log Fano manifold, its mirror is not
a manifold but a Landau—Ginzburg model, by which we mean a pair of a stack and a section of a line
bundle on it. One way to obtain a Landau—Ginzburg mirror of a log Fano manifold is to first remove
a divisor to make it log Calabi—Yau, then find its mirror, which is another log Calabi—Yau manifold,
and finally add a potential to this mirror [Aur0O7, [Aur09]. This produces a Landau-Ginzburg mirror
whose underlying manifold is of the same dimension as the original manifold. When the singularity
is toric (i.e., a simple surface singularity of type A), there is a standard choice for the divisor to
remove, and the resulting mirror is the Landau—Ginzburg model consisting of a complement of a
toric divisor in the minimal resolution of the singularity of the same type and a monomial function
on it (see e.g. [AAKI6l Section 9.2]). The choice of the divisor is not unique in general, and there
are multiple mirrors for a given Milnor fiber.

In this paper, we consider an alternative mirror of the Milnor fiber of a simple singularity based
on transposition of invertible polynomials introduced in [BH93 [BH95]. A weighted homogeneous
polynomial w € Clxy, ..., z,41] with an isolated critical point at the origin is invertible if there is an
integer matrix A = (aij)z;ll with non-zero determinant such that

n+1 n+1
(1.2) W:ZHI?”.
i=1 j=1
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The transpose of w is defined as
n+1 n+1

(1.3) w=> [[=",

i=1 j=1
whose exponent matrix A is the transpose matrix of A. The group
(1.4) Tw = {(to,t1,. ., tng1) € (Gu)™ ™ [ 11" ool = oo = 0" 0 et =ty -ty }

acts naturally on A"*2 := Spec C[zo, . . ., Zn11]. Let mf (A""2 'y, w + 2o - - - 2,,11) denote the idempo-
tent completion of the dg category of I'-equivariant coherent matrix factorizations of w+xg - - - 11
on A" in the sense of [EP15]. Conjecture 1.1 below is given in LU, Conjecture 1.5]:

Conjecture 1.1. For any invertible polynomial w, one has a quasi-equivalence
(1.5) mf (A”+2,FW,W+330---3:”+1) QW(W_l(l)) )

In other words, the Landau-Ginzburg model ([A""2/T'y,] , W + x¢ - - - 2,,.1) is mirror to the Liouville
manifold w~*(1). The main result of this paper is the following:

Theorem 1.2. Conjecture holds for n > 2 and W one of the defining polynomials of simple
singularities appearing in ((1.1)).

The proof of Theorem consists of four steps. The first step is the quasi-equivalence
(1.6) mf(A"2 Dy, W+ 20 Tpy1) ~ mf (A" Ty, w),

which comes from the fact that w+xzg - - - x,,1 is right equivalent to w by a formal change of variables,
which holds if n > 2 and w defines a simple singularity.
The second step is the quasi-equivalence

(1.7) mf (A" Ty, w) =~ II,, (mf (A", Ty, w)),

where II,, denotes the n-Calabi-Yau completion in the sense of [Kelll]. This holds for any invertible
polynomial w and any n > 0.
The third step is the quasi-equivalence

(1.8) mf(A" Ty, w) =~ perf Ag

with the dg category perf Ag of perfect dg modules over the path algebra Ay of a Dynkin quiver
() (with any orientation) of the corresponding type. For type A, this is proved in [Tak, Theorem
3.1] for n = 0, and the n > 1 case follows either from the n = 0 case and the Knorrer periodicity
[Kno&T], or as a special case of [FULL, Theorem 1.2]. For type D, this follows from [FU13, Section 4].
For type E, this follows either from the combination of [HS, Theorem 1] and [Sei01, Proposition 3.4]
or by finding a suitable mutation of a generator appearing in [HS, Theorem 2]. Note that [KSTQT7,
Theorem 3.1] gives a result close to , which is not exactly the same since the grading group is
different.
The last step is

(1.9) W (W (1)) ~ I, (perf Ag),

which holds if n > 2 and W defines a simple singularity. As discussed in Section [3 the proof of
in [ELI7] depends on the computation of the Hochschild cohomology of II, (perf Ag), which
was missing for type E cases in [ELI7] and is done in Section [

For n = 1 not covered by Theorem [1.2} a quasi-equivalence of the full subcategory F(w~1(0)) of
W(w1(0)) consisting of (direct summands of bounded complexes of) compact Lagrangians and a
category perf Z,, equivalent to the full subcategory of mf (A% T'y,, W + zox172) consisting of homo-
logically finite objects (i.e., those X satisfying dim @, , Ext’(X,Y’) < oo for any object Y) is given
in [Hab, Theorem 1.1].

As an application of , we compute the Hochschild cohomology group of the n-Calabi—Yau
completion II,,(Ag), also known as the derived n-preprojective algebra, of the path algebra Ag of any
Dynkin quiver () for any n > 1. It is possible to compute the Hochschild homology along the same
line.

1E€EL
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The zero-th cohomology of the derived 2-preprojective algebra is the preprojective algebra. The
Hochschild homology and cohomology of the preprojective algebra of the path algebra of a Dynkin
quiver is calculated in [ES98bl [ES98al [EE07]. Even the calculus structure in the sense of [GIDT89,
TT00] (which includes the Batalin—Vilkovisky structure and is known to be derived invariant [AK19])
is calculated in [Eul0], and it is an interesting problem to do the same for the derived n-preprojective
algebra. Note that the preprojective algebra and the derived 2-preprojective algebra of a Dynkin
quiver are very different. The derived 2-preprojective algebra of a Dynkin quiver is a smooth dg
algebra, which has cohomology in every negative cohomological degree, and moreover is not formal.
In contrast, the preprojective algebra is always concentrated in cohomological degree 0 by definition,
and the global dimension is infinite for a Dynkin quiver.

It follows from [Ganl2, Theorem 1.1], combined with [CRGG, Theorem 1.4] which builds on
[Gan12, [Gaol, that the closed-open map of any Weinstein manifold from the symplectic cohomology
to the Hochschild cohomology of the wrapped Fukaya category is an isomorphism:

(1.10) SH*(M) = HI*(W(M)).

Hence, by Theorem , we see that the symplectic cohomology of the Milnor fiber w='(1) of a
simple singularity for n > 2 is isomorphic to HH" (II,, (Ag)) . This enables us to give an explicit
computation of the symplectic cohomology of Milnor fibers of all simple singularities in a uniform
way. Previous partial results computing symplectic cohomology for Milnor fibers of simple simple
singularities appeared in [EL17] for A, and D, in complex dimension 2, and in [KvK16l, [Ueb16], for
various versions of symplectic cohomology for certain higher dimensional A,-Milnor fibers for which
an associated Morse—Bott spectral sequence yields computations. Our computation also shows that
HH* (II; (Ag)) is not isomorphic to SH*(w~1(0)) given in [Habl, Section 3.3], which is consistent with
the failure of forn = 1.

This paper is organized as follows: In Section [2], we collect basic definitions and results on Calabi—
Yau completions and trivial extension algebras. In Section |3, we recall the description of the wrapped
Fukaya category of the Milnor fiber of a simple singularity for n > 2 in terms of the n-Calabi-Yau
completion of a Dynkin quiver of the corresponding type. In Section |4, we prove and . The
computation of Hochschild cohomologies of the derived preprojective algebras of Dynkin quivers are
given in Section [f]

Acknowledgment: We thank the anonymous referees for reading the manuscript carefully and
suggesting many improvements and corrections. Y. L. is partially supported by the Royal Society
URF\R\180024. K. U. is partially supported by Grant-in-Aid for Scientific Research (15KT0105,
16K13743, 16H03930).

2. CALABI-YAU COMPLETIONS AND TRIVIAL EXTENSION ALGEBRAS

The n-Calabi-Yau completion (or the derived n-preprojective algebra) of a dg category 7 is defined
in [Kellll Section 4.1] as the tensor algebra

(2.1) () =Ty(0) = S0B0R, 00 -,

where the o/-bimodule 6 := O[n — 1] is a shift of the inverse dualizing complex © = hom . (o7, o/¢).

A dg algebra is regarded as a dg category with one object. The Morita invariance of the Calabi—
Yau completion shown in [Kellll Proposition 4.2] implies that Calabi—Yau completion commutes
with the operation of taking the dg category of perfect dg modules:

(2.2) I1,, (perf o) ~ perf(Il,, &).

The Ginzburg dg algebra 95 of a quiver @ (without potential) is a model of the n-Calabi-Yau
completion II,, (Ag) of the path algebra Ag, defined in [Kellll Section 6.2] after [Gin| as the path
algebra of the graded quiver ) with same vertices as () and arrows consisting of

e the original arrows g € )7 in degree 1,
e the opposite arrows g* for each arrow g € )1 in degree 1 — n, and

e loops h, at each vertex v € ()y in degree 1 — n,
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equipped with the differential d given by
(2.3) dg=dg* =0 and dh = Z 99— 99"

9gEeQ1
where h =3 o hy.

The degree n trivial extension algebra of a finite-dimensional algebra A is defined as A & AY[—n]
equipped with the multiplication (a, f) - (b,g) = (ab,ag + fb), where AV is the dual of A as a vector
space.

The degree n trivial extension algebra Bp) of the path algebra Ag of a Dynkin quiver () is the
(derived) Koszul dual of % in the sense that

(24) homgg (kg, kg) ~ Bg, hom(Bg)Op (kB,kB) ~ ({4(3)010,

where kg = @uer S, is the direct sum of simple left ¢7-modules S, associated with vertices v € Q,
and similarly for kp (see e.g. [EL17, Theorem 23, Corollary 25]).
This Koszul duality implies an isomorphism

(25) HH" (95) = HH" (B;)
of Hochschild cohomologies (see e.g. [FMTO05, Theorem 1] and [Herl9, Theorem 3.4]).

3. WRAPPED FUKAYA CATEGORY OF THE MILNOR FIBER OF SIMPLE SINGULARITY

Let W be one of the defining polynomials of a simple singularity and M™ = w~'(1) be the Milnor
fiber, which we view as a Weinstein manifold where the Weinstein structure is induced by restriction
from the ambient C"*1. It is well known that this Weinstein manifold is symplectomorphic (in fact,
Weinstein homotopic) to the plumbing X¢ of cotangent bundles of spheres 7*S™ according to the
Dynkin diagram @ corresponding to the simple singularity. One way to see this is to verify it directly
for n = 1, and then use the fact that in higher dimensions the Milnor fiber is obtained by stabilization
— increasing the dimension corresponds to suspension of the Lefschetz fibration [Seil(]. See also
[Abol1] for an explicit construction of a symplectic structure on plumbings. This stabilization point
of view also enables one to describe M via Legendrian surgery. Namely M is obtained by attaching
critical handles to a Legendrian link Ag_l on 0D" whose components are unknotted Legendrian
spheres S™~! which are clasped together (as in Hopf link) according to the Dynkin diagram @. The
direct sum of co-cores to the critical handles (i.e., cotangent fibers away from the plumbing region)
form a generating object of the wrapped Fukaya category by the main theorem in [CRGG], and the
surgery formula of [BEE12, [Ekh] allows one to explicitly compute the endomorphism algebra of this
generator as the Chekanov—Eliashberg algebra CE* (Ag_l).

This Chekanov-Eliashberg algebra was computed directly in the case n = 2 in the paper [EL17] and
the resulting dg algebra was shown to be quasi-isomorphic to the derived multiplicative preprojective
algebra of the corresponding Dynkin type. Moreover, working over C, for () = A, or Dy, it was shown
in [EL17, Theorem 13] that the derived multiplicative preprojective algebra of Dynkin type @ is quasi-
isomorphic to the Ginzburg algebra %5, also known as the derived (additive) preprojective algebra
of Dynkin type (). It was conjectured in op. cit. that the same result holds for ) = Eg, F7, Es and
this is indeed so. The key ingredient for the proof of [EL17, Theorem 13| to go through that was
missing in the case Q) = Fg, E7, Eg was the computation that

(3.1) HH? (95)° = 0 for s <0,

but this follows from computations given in Section [5| below.

For n > 3, one can do a direct computation in an analogous way, but we can also deduce this by the
Koszul duality result given in [EL, Theorem 58] which shows that CE*(A%‘I) is the (derived) Koszul
dual of the endomorphism algebra of the union of the core spheres of the plumbing. Notice that for
n > 3, w is suspended at least twice, thus the formality of the endomorphism algebra of vanishing
cycles in the compact Fukaya category of w™1(1) follows automatically by [Seil(, Proposition 4.4]
(the formality of the A,.-algebra A and a A-bimodule B/A in Seidel’s notation is obvious in the case

at hand, since I' is a tree and one can shift the objects to put all morphisms in degree 0). Putting
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it all together, we conclude that CE* (Ag_l) is Koszul dual to the degree n trivial extension algebra
B of the path algebra Ag of a Dynkin quiver of the corresponding type (see also [Lil9] for another
example).

As a result of these computations, for n > 2 we have a quasi-isomorphism

(3.2) CE* (Ay ) ~ 95
over C, which implies a quasi-equivalence
(3.3) W(Ww (1)) =~ perfI1,,(Ag)

between the wrapped Fukaya category of w™1(1) and the dg category of perfect modules over IT,,(Ag).

Remark 3.1. Note from [Sei01, Proposition 3.4] that Ay is derived equivalent to the Fukaya—Seidel
category F(w) of the LG-model w: C"*! — C. Thus shows that W (w~1(1)) is the Calabi-Yau
completion of F(W) for n > 2. Although this relationship between F(w) and W (w~1(1)) is not true
in general, we expect it to hold when W is a double suspension of an invertible polynomial whose
Milnor fiber is a log Fano manifold, since one has

(3.4) W(1,... , Xpe1) X0+ T2+ To Tpyr
2 2
1 1
=w(r1,..., Ty 1) + 1— 1(370"'%—1)2% + $n+1+§$0"'$n

Remark 3.2. The isomorphism (3.2)) remains true for n > 3 over an arbitrary commutative ring,
but for n = 2 we have to require that 2 is invertible for type Dy, Eg, E7, Eg, 3 is invertible for
type Eg, E7, Es, and 5 is invertible for type Eg. Otherwise, CE*(Ag) is quasi-isomorphic to the
derived multiplicative preprojective algebra (see [EL19]) which is not quasi-isomorphic to the derived
(additive) preprojective algebra II,,(Ag).

in k[zg,...,z,01].

4. MATRIX FACTORIZATIONS AND CALABI-YAU COMPLETIONS

Let T be a subgroup of (G,,)"™! acting diagonally on A"™! := Spec C[xy, ..., 2, 1]. Assume that
[ is a finite extension of the multiplicative group G, so that the group Char(I') := Hom(I', G,,)
of characters of I" is an extension of a finite group by Z. The coordinate ring C[zy, ..., x,.1] has a
Char(T')-grading coming from the '-action on A" and we set y; := degx; for i € {1,...,n+ 1}.
Let w € Clzy,...,2Zy41]y be a homogeneous element of degree x € Char(I'). Assume that w has
an isolated critical point at the origin, so that the structure sheaf O, of the origin split-generates
mf (A" w) by [KMVdBI1, Proposition A.2] (see also [Orl11, [DycI1]). Let R C Char(T") be a set
of representatives of the group Char(I')/(x), which we assume to be finite. Then & = @peR Oo(p)
split-generates mf (A" T, w) , since the autoequivalence M + M () of mf (A""! T, w) shifting the
[-weight by y is isomorphic to the functor M — M|2] shifting the cohomological grading by 2.

The n-Calabi—Yau completion of the dg Yoneda algebra &7 := hom(€, £) is given by

(4.1) () = DODORy 0@~ @hom(E,6'(E))
i=0
where § = O[n — 1] as in Section [2| and we abuse notation and use the same symbol for an au-

toequivalence and its graph bimodule. Since © is the graph of the inverse Serre functor S7%, we
have

(4.2) 0=S"n-1].

Now, as in [LU, Section 2], we introduce another variable xy of degree xo == x — (x1 4+ + Xn+1),
and consider the polynomial ring Clzg, z1,...,2,4+1] in n + 2 variables, which naturally contains
Clx1, ..., Tny1] as a subring. One has
(4.3) mf(A""? w) ~ mf(A',0) ® mf (A" w)
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e.g., by the ungraded (G = H = 1) version of [BFK14, Lemma 3.52] with v = 0; note that mf(A', 0)
is obtained from coh A! by collapsing the cohomological grading to Z/27Z, and the tensor product of
split-generators of mf(A!,0) and mf(A"*! w) gives a split-generator of mf(A""? w) since the critical
locus of w as a function on A"*2 is the product of A! times that as a function on A"*!.

As shown in [IT13l Theorem 2.5] whose proof carries over directly to I'-graded cases, graded
Auslander—Reiten duality [AR87] implies that

(4.4) S = (xo0)[n — 1]
is a Serre functor on mf (A" T, w). Tt follows from (4.2)) and (4.4)) that
(45) 9~ (“x0).

Let F be the generator of mf (A" T', w) obtained from the tensor product of the generator &
of mf (A" T, w) and the generator C[zg] of coh Al. If we write both of the forgetful functors

mf (A" T, w) — mf (A", w) and mf (A"*2, T, w) — mf (A2, w) as (e), then one has
(4.6) hom (F, F) ~ hom (€, &) @ Clzo] ~ @ hom(&,E(p)) @ Clzo].

pGChar(F)
Since deg(xo) = xo, by taking the I'-invariant part of ( and using (4.5]), one obtains

(4.7) hom(F, F) ~ @hom (€,E(—ixo0)) @hom (£,0(& I1,, (<),

which shows the quasi—equwalence .
If n is greater than one, then the degree of x; --- 2,41 in Char(I'y) ® Q = Q is greater than the
degree of w, which is turn is greater than the degree of any element of the Jacobi ring

(4.8) Jacy = Clxy, ..., 2ps1]/(On,W,. .., 0

W)

of w, and the proof of [AGZVS85| Section 12.6, Theorem| shows that the polynomial w + zg - - - 2,41
considered as an element of Clzo][x1,...,z,41] (i-e., a formal one-parameter deformation of a for-
mal germ of w) is right equivalent to w by a formal coordinate change (i.e., there exists ¢ €
Autcpe,) Clao][#1, . . ., 2n41] such that ¢*(W + 29+ 2p41) = W). The proof moreover shows that
one can choose ¢ to be I'y-equivariant, which implies that for any i € {1,...,n 4+ 1}, the co-
efficient @, ,...im,.,(To) of the expansion ¢*(z;) = 300 _(imy, g (To) 77" - et is a
monomial in zp, since the degree of zy in Char(I'y,) ® Q is negative. In particular, one has
¢ € Autcpy, Clzo][z1, . . ., ©p11]. This means that that the formal completion of (A™*2, Wz - - - Zp41)
along ; = -+ = x,41 = 0 is isomorphic to that of (A""? w) as a pair of a formal scheme and a

regular function on it, so that
(4.9) mf (A”+2, Iw, W+ xg-- -an) ~ mf (A””, Iy, W)
by [Orl11, Theorem 2.10], and the quasi-equivalence (|1.6)) is proved.

5. HOCHSCHILD COHOMOLOGY OF THE DERIVED n-PREPROJECTIVE ALGEBRA

5.1. Hochschild cohomology via matrix factorizations. We use the same notation as in Sec-
tion {4, and set

(5.1) V=Cro®dCxi @ P Cxpy.

For v € T', let V,, be the subspace of 7-invariant elements in V, S, be the symmetric algebra of
V,, w, be the restriction of w to SpecS,, and N, be the I'-stable complement of V, in V' so that
V =2 V,& N, as a [module. Then [Dycl1] [CT13|, [Seg13|, BEK14] (cf. also [LU, Theorem 3.1]) shows
that HH (mf (A"*2, T, w)) is isomorphic to

(5.2)
-2l dim N. —21-1 dim N.
@ (HAw,)@A™NNY) L, @ @  EAw) @ AN L
vy€ker x, >0 y€eker x, (>0
t—dim N, =2u t—dim N, =2u-+1
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Here H'(dw.) is the i-th cohomology of the Koszul complex
(5.3) C*(dwy) = {--+— AQVVV ® S, (—2x) = V) ®5,(=x) = Sy}

where the rightmost term S, sits in cohomological degree 0, and the differential is the contraction
with

(5.4) dw., € (V, ® SV)X .
If w., has an isolated critical point at the origin, then the cohomology of (5.3]) is concentrated in

degree 0, so that only the summand
(5.5) (Jacw, @A™ N NY)

ux
with [ =0 in contributes to HHTdim Ny

If V, contains Cxg, then the Koszul complex C*(dw,) is isomorphic to the tensor product of
C*(dw’,) and the complex {Cry @ x" ® C[xo] — C[zo]} concentrated in cohomological degree [—1,0]
with the zero differential, where w’ is the restriction of w to the complement V. of Czg in V. If w/,
has an isolated critical point at the origin, then C*(dw) is quasi-isomorphic to Jacy, concentrated
in cohomological degree 0, so that only the summands

(5.6) (Jacy, ®Clzo] @ AM™VN)
and
(5.7) (Czy @ Jacw: @Clzo] ® Adim N'YNA\//)UX

with [ = 0 in (5.2)) contribute to HH*4m Ny apnd HH2 M MH pegpectively.

Remark 5.1. Although (5.2)) may not look identical to [BEK14, Theorem 1.2], the proof in [BFK14,
Section 5] actually shows ([5.2). One way to think about is the following: If we set w = 0
and forget I', then the Hochschild-Kostant—Rosenberg theorem gives a quasi-isomorphism of the
Hochschild cochain complex of coh A"*2 and

(5.8) S—oV'eS—=AVY®S ...

as complexes of C-vector spaces (which lifts to a quasi-isomorphism of L..-algebras by the Kontsevich
formality). If we introduce the potential w, then the complex (5.8)) acquires an additional differential
AVY® S — A71VY ® S defined as the contraction with dw € V ® S, which decreases the cohomo-
logical grading by one so that the cohomological grading is collapsed to Z/2Z. The introduction of I'
lifts the grading to Z again and produces ‘twisted sectors’ from the orbifold HKR theorem, leading
to ; recall the isomorphism (x) =~ [2] of endofunctors of mf(A"™ T',w) and the orbifold HKR
theorem

(5.9) HH*([X/G]) = (@ P Hreodm X (X9, ATy @ACOdingng/X)>
G

g€G ptg=x
for global quotients appearing, e.g., in [ACHI9 Corollary 1.17].
Remark 5.2. The Hochschild cohomology of a graded algebra B (with no differential) has a bigrading
such that
(5.10) HH""* (B)® := Extlopg 5 (B, Bls]) .

When B is the trivial extension algebra B™ of a finite-dimensional algebra A, by introducing a
Gm-action on B" such that A has weight 0 and AY[—n] has weight n, the s-grading on HH* (B™) can
be described as the weight of the induced Gy,-action.

For any positive integer m, the underlying ungraded algebra of the trivial extension algebras B™"
is isomorphic to B™, and only the cohomological gradings are different; that of the former is m times
that of the latter. It follows that one has an isomorphism

(5.11) ™ (BmY™ o [H™* (B")°
7



of vector spaces for any positive integer m such that the parities of n and mn are the same (note
that the signs in the Hochschild complex depend on the parity of the cohomological grading).

When @ is a Dynkin quiver, one can transport the Gy-action on Bg to 4, through the Koszul
duality , so that g for g € )1 has weight 0, ¢* for g € )1 has weight —n, and h,, for v € @)y has
weight —n. This makes the isomorphism G -equivariant, so that the G,,-weights on both sides
agree.

Since w does not depend on g, the G-action on A""? such that the weight of z; is —n for i = 0
and 0 for s € {1,...,n + 1} keeps w invariant. This induces a Gp-action on mf(A""2 T', w), and
hence on Bf, whose weight is 0 on Ag and n on Aj[—n] just as in [LU]. This allows us to compute the
s-grading on HH* (Bg) as the Gy,-weight on 1} This Gy -action is mirror to the one introduced
in [SS12] and studied further for type A Milnor fibers in [Seil2].

5.2. Type Ay. Consider the case

(512> W:CE€+1+$§+"‘+I%+1 ec[x07'rl7"'7xn+l]
with
(513) F = Fw = {’y = (to,tl, “ee >tn+1) S (Gm)n+2 ’ t{+1 = t% = s = ti-ﬁ-l - totl t 'tn+1} )

so that ker y = py,q X (p,)" and Char(I') is generated by x and x; = degx; for i € {0,...,n + 1}
with relations

(5.14) X=U+Dx1=2x2="""=2Xnt1 = X0+ + Xnt1-
5.2.1. For any « € ker x, one has
Clzo) ® Cla1]/(zf) Cxzo® Cxy CV,,

(5.15) Jacy, = Clao] Cao CV; and Cay V5,
| ") Claal/ (2) Cao ¢ V,, and Cay C Vi,
C otherwise.

If we write an element of Jacy,, @A dim Ny N)// as

(5.16) et @) Az AL AT
where kg = 0 if Czy ¢ V, and ky = 0 if Cz; ¢ V,,, then its degree is given by
(5.17) koxo + kix1 — Xj — = Xjis

which can be proportional to x only if V, is either V', Czy @ Cx4, Cxg, or 0. We now deal with each
of these cases in turn.

5.2.2. One has V, = V if and only if v is the identity element. The degree of et € Jacy is
(5.18) kox — (ko — k1)xa — koxa — -+ — koXn+1,

which is proportional to x if and only if kg is even and ¢ + 1 divides kg — k1. Such an element can
be written as

(5.19) Qo = x§+m(£+1)x’f,

where k € {0,...,¢ — 1} and m € N satisfies

e if / is even, then the parities of k and m agree, and
e if / is odd, then k is even.

Since
(5.20) deg (ngrm(Hl)x’f) =(k+m{l+1))x —mx — %(k +m(l+1))nx
(5.21) _ ((k;+m€) - %(k:+m(£+ 1))n) Y.
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the element 26 ™™ Vb for such (k,m) contributes C((k +m(¢ + 1))n) to HH for t = 2(k + mfl) —

(k+m(+1))n by (5.6). Similarly, for each such (k,m), the element

(5.22) Qo = ) @ b VLR € Cr¥ @ Jacy

contributes C((k +m(¢ + 1))n) to HH™ for ¢ = 2(k +m/t) — (k +m(¢ + 1))n by .

5.2.3. One has V,, = Czy @ Cuz; if and and only if n is even and v = (1,1, —1,...,—1). The degree
of

(5.23) re°a @ay Ao Aay, € Jacy, QAN NY

is given by

(5.24) kox + (k1 — ko)xa — (ko + 1)x2 — - -+ — (ko + 1) Xn+1,

which is proportional to x if and only if &y is odd and ¢+ 1 divides k; — ky. Such an element can be
written as

(5.25) apm = ah b @ Y A AT

where k € {0,...,¢ — 1} and m € N satisfies

e if / is even, then the parities of k& and m differ, and
e if / is odd, then k is odd.

Since the degree of this element is
1
(5.26) ((k +ml) — §(k +m(l+1)+ 1)n> X

each such (k,m) contributes C((k + m(¢ + 1))n) to HH" for

(5.27) t=2 ((k+m€) — %(k+m(€+ 1)+ 1)n) + dim N,
(5.28) =2(k+ml) — (k+m(l+ 1))n.

Similarly, for each such (k,m), there is an element o, contributing C((k + m(¢ + 1))n) to HH"™*
for t = 2(k +ml) — (k +m({ + 1))n.

5.2.4. One has V,, = Cx, if and only if both ¢ and n are odd and v = (1, —1, ..., —1). The degree of
(5.29) o @Y A Aay ) € Jacy, @AM NTNY
is given by
(5.30) kox — (ko + 1)x1 — (ko + 1)xa — -+ — (ko + 1)Xn+1,
which is proportional to x if and only if £ + 1 divides kg + 1. Such an element can be written as
(5.31) by = a2 o ay A A A
for m € N'\ {0}. Since the degree of this element is
1

(5.32) ((mﬁ -1)— ém(ﬁ + 1)n) X,
each such element contributes C((m(¢ + 1) — 1)n) to HH' for

1
(5.33) t=2 ((mf —-1)— §m(€ + 1)n> + dim NV,
(5.34) =2ml—1)— (ml+1)—1)n.

Similarly, for each m € N, the element
(5.35) B =15 @ xgn(éﬂ) Qay AN Azl € Cry ® Jacy, @),/\dim]\”]\fvv

contributes C(m(¢ + 1) — 1)n) to HH"™ for t = (2ml — 1) — (m({ + 1) — 1)n.
9



5.2.5. For vy = (to,...,tn41) € kerx, one has V,, = 0 if and only if ¢; # 1 for all ¢ € {0,...,n+ 1}.
This is the case if and only if to = --- =t,41 = —1, t; € g,y \ {1}, and

(5.36) to=(—=1)"t;" # 1.

If n is odd, then (5.36]) holds if and only if ¢; # —1, so that the number of such ~ is ¢ if ¢ is even,
and ¢ —1if £ is odd. If n is even, then ({5.36]) always holds, and the number of such 7 is £. Each such
7 contributes C(—n) to HH".

5.2.6. To sum up, the Hochschild cohomology group has a basis consisting of the following elements:

e ay,, of degree 2(k +ml) — (k+m({+1))n and weight —(k +m(¢+ 1))n, and oy, of degree
2(k+ml) — (k+m({+1))n+ 1 and weight —(k + m({ + 1))n, where
— if n is even, then (k,m) runs over {0,...,¢ — 1} x N, and
— if n is odd, then (k,m) runs over those pairs in {0,...,¢ — 1} x N for which
x the parities of k and m agree, if £ is even,
x k is even, if £ is odd,
e if both n and ¢ are odd, then
— b, of degree 2ml —1 — (m({ + 1) — 1)n and weight —(m (¢ + 1) — 1)n for m € N\ {0},
and
— B,, of degree 2ml — (m(¢ + 1) — 1)n and weight —(m (¢ + 1) — 1)n for m € N, and
e s, of degree n and weight n, where h runs over
—{1,2,...,4— 1} if both ¢ and n are odd, and
- {1,2,...,¢} otherwise.

5.2.7. As an example, consider the case £ = 1. Note that the A;-Milnor fiber is symplectomorphic
to the cotangent bundle T*S™. The Hochschild cohomology group in this case is spanned by

e ay,, for m € N of degree —2m(n — 1) and weight —2mn,
e oy, for m € N of degree —2m(n — 1) + 1 and weight —2mn,

and, if n is odd, in addition to the above,
e b, for m € N\ {0} of degree —(2m — 1)(n — 1) and weight —(2m — 1)n,
e 3, for m € N of degree —(2m — 1)(n — 1) + 1 and weight —(2m — 1)n,
and, if n is even, in addition to the above,
e s; of degree n and weight n.

This is consistent with the isomorphism
(5.37) SH*(T*S") =2 H,,_.(ZS"),

which is a special case of the isomorphism between the symplectic cohomology of the cotangent
bundle and the homology of the free loop space [Vitl, Theorem 3.1] (see e.g. [CJY04, Theorem 2] for
the homology of the free loop space of spheres).

Another example is the case when n = 2 and / is arbitrary. In this case, SH*(w~!(1)) was computed
in [EL17] as a bigraded ring. This is compatible with the computation given here.

5.3. Type D;. The Berglund-Hiibsch transform of the invertible polynomial

(5.38) =y s Y Y

defining the D,-singularity is given by

(5.39) v=y st Y

and one has

(5.40) Iy ={v={(tr,...,tns1) € (Gu)"™" |t o =t3 = =12, }.
By completing the square and rescaling, one has

(5.41) v(y) = w(x(y))
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where

(5.42) Ty = (_1/4>1/(2n72)y1’ Ty = Y2 + %yfla T3 =13, -y Tntl = Yntl

and

(5.43) w=ai" bl ad .

Although the change of variables is neither linear nor diagonal, the induced action of I'y, on
Spec Clxy, ..., Tn41] remains linear and diagonal, so that one can identify I'y with a proper subgroup
of I'y,.

Therefore, we will work with
(544> W:.T%Z72+.T%+"‘+$i+l € C[x(]?xl?"'aanrl
with the non-maximal group

(5.45) I'={y=(~ot1, - tns1) € (Gu)" |t o =13 = =t =tol1- - tps1}.

One has ker y 2 o,y X (p1,)"" " and Char(T') is generated by x and y; = dega; for i € {0,...,n+1}
with relations

(5.46) X=UC—=1)x1+x2=2x2="""=2Xnt1=Xo+ "+ Xnt1.
The relations ([5.46) imply

(5.47) x2=x— (—1)xi,

(5.48) X = (20— 2)x1,

(5.50) (=21 — X5 — - — e

5.3.1. For any v = (to,...,t,11) € ker x, one has

Clzo] ® Clz1]/(23"") Cao @ Cay C V4,

(5.51) Jace — Clazo] Cxy C V, and Cay ¢ V,,
. Wey (C[.Tl]/(x%ﬁ_ig) (C,CEO ¢ V'y and C-Tl C Vy,
C otherwise.

If we write an element of Jacy, @ALm Ny N;/ as
(5.52) rhoat @ Ty Nxh N AT
where kg = 0 if Czy ¢ V, and k; = 0 if Cz; ¢ V,,, then its degree is given by

(5.53) Koxo + kixi — Xj — - — Xjs»

which can be proportional to y only if

(5.54) V,N(Ca3® -+ @ Cxpyq) is either Cxs @ - - - & Cuxyqq or 0,
that is,
(5.55) N —

We will assume this condition for the rest of Section 5.3l
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5.3.2. One has v = (to,...,t,11) € ker x if and only if

(5.56) =t = =12, =toty -ty = L.
If to =1, then one has t3 = -~ =2, =t -+ -ty = 1, s0 that 1 = (to -+ tyy1) "' = 1.
If ¢, = 1, then one has ¢t = t3, so that t, = 1 and #§ = --- = 2, = tot3- - t,s1 = 1. Under the

assumption (5.55)), one has tq = 1 if and only if (¢3)"! = 1, that is, £3 = 1 or n is even.
If t; = —1, then t, = (—1)*"!, and one has t, = 1 if and only if (—1)“; ! = 1. It follows that
e V, contains Cz if and only if
—~v=(1,...,1), where V, =V,

—~v=(1,1,1,—-1,...,—1) with odd n, where V,, = Czo & Cx; & Cuz,,
—~v=(1,-1,-1,1,...,1) with even ¢, where V,, = Czo @ Cz3® - -- & Cxy41,
—v=(1,-1,-1,-1,...,—1) with even ¢ and odd n, where V, = Cx,
—v=(1,-1,1,-1,...,—1) with odd ¢ and even n, where V,, = Czy ® Cxs.

5.3.3. Note for later use that the smallest positive integer k such that the degree of zf is proportional
to x is 2¢ — 2. One has

(5.57) degzy 2 = (20=2)(x = x1— - = Xat1)

(5.58) =((20-3)—({—1)n)x.

5.3.4. Ome has V,, = V if and only if v is the identity element. The degree of xgoxlfl € Jacy is
(5.59) kox — (ko — k1)x1 — kox2 — -+ — koXn+1,

which is proportional to x if and only if &y is even and 2¢ — 2 divides ko — k. Such an element can
be written as

(5.60) Qo = x§k+(2€—2)m$%k

for (k,m) € {0,...,¢ — 2} x N which contributes C((2k + (2¢ — 2)m)n) to HH' for t = 4k + (4¢ —
6)m — (2k + (2¢ — 2)m)n since

(5.61) deg vk 2% = (2k — kn)y.

Similarly, for each (k,m) € {0,...,¢ — 2} x N, there is an element o, ,,, contributing C((2k + (2¢ —
2)m)n) to HH' for t = 4k + 1 + (40 — 6)m — (2k + (20 — 2)m)n.

5.3.5. One has V, = Czy @ Czy @ Cuy if and only if v = (1,1,1,—1,...,—1) and n is odd. The
degree of zg'a' @ ay A -+ Az, € Jacw, QAT N NY s
(5.62) kox — (ko — k1)x1 — kox2 — (ko + 1)x3 — -+ — (ko + 1) Xn+1,

which is proportional to y if and only if kq is odd and 2¢ — 2 divides kg — k1 — (¢ — 1). Such an
element can be written as

(5.63) bjom = b Tk @ Y AL Ty

for

(5.64)  (k,m) e {(k,m)e{0,...,20 —4} X Z | k+{iseven and k+ ¢ —1+m(2( —2) > 0} .
It contributes C((k + ¢ — 1+ (2¢ — 2)m)n) to HH' for

(565) t = 2deg <x§+f—1+(21—2)mxl{: ® fL‘g A--- A xx+1) /X -+ dlm N'Y

(5.66) :2k+2€—3+(4€—6)m—(l€+€—1—(26—2)m)n,

since

(5.67) deg (zg™ e @y A Ay )

(5.68) =k+l-Dx—(C-Dxa—(k+l-xa—(k+Ox3— = (k+O)xnt1
1

(5.69) = (k +0—1-— §(k + €)n> X-
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Similarly, for each

(5.70) (k,m) € {(k,m) € {0,...,20 —4} x Z | k + ¢ is even and k + { +m(2( — 2) > 0},
the element

(5.71) Brom =1 @ b I @ Y A Az, € ((Cap)Y © Jacy, @A™ N NY)E
contributes C(k + ¢ — 1+ (2¢ — 2)m) to HH' for

(5.72) t=2k+20—-24+ M —-6)m—(k+{—1—(20—2)m)n.

5.3.6. One has V, = Czg @ Ca3 @ --- @ Cx,yq if and only if v = (1,—-1,-1,1,...,1) with even /.
An element of Jac,,, @Adim Ny N;’ whose degree is proportional to y can be written as

(5.73) Cop = T @ Y A gY

for m € N, which contributes C((¢ — 2 + (2¢ — 2)m)n) to HH" for

(5.74) t=2deg (20 ? @y Aay) /x +dim N,
(5.75) =20—4+ (M —-6)m— (L —2+(20—-2)m)n
since
1
(5.76) deg (z§ > @z Azy) = (8 -3- 5(6 - 2)n) X-
Similarly, for each m € N, there is an element =,, contributing C((¢ — 2 + (2¢ — 2)m)n) to HH" for
(5.77) t=20—3+ (40— 6)m — (£ — 2 + (20 — 2)m)n.
5.3.7. One has V, = Cux if and only if ¢ is even, n is odd, and v = (1,—1,...,—1) € kerx. The
degree of
(5.78) T @Y A ANy, € Jacy, ®AdimeN¥
is given by
(5.79) kox — (ko + 1)x1 — (ko + 1)xa — -+ — (ko + 1)Xn+1,
which is proportional to y if and only if 2¢ — 2 divides kg + 1. Such an element can be written as
(5.80) dp =2 T @Y A ALY
for m € N\ {0}. Since
(5.81) deg (zg' @ z) A+~ Ay ,) = —x,

each such element contributes C((—1 + (2¢ — 2)m)n) to HH" for

(5.82) t = 2deg <$51+(2£—2)m QzY A A $X+1> /x + dim N,
(5.83) — 14 (40— 6)m — (=1 + (20 — 2)m)n.

Similarly, for each m € N, the element

(5.84) Om = 2§ ® 3387’(%2) Qa{ AN--- AN, € Cay ® Jacy, ®AdimN”N;/
contributes C((—1 + (2¢ — 2)m)n) to HH' for

(5.85) t=(4—-6)m—(—1+ (20— 2)m)n.
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5.3.8. One has V,, = Cx¢ & Cuz, if and only if ¢ is odd, n is even, and v = (1,—-1,1,—1,...,—1).
The degree of

(5.86) 2 @Y Axy A Axy,, € Jacy, @AY
is given by
(5.87) koxo—x1—x3— " = Xnt1 = (ko({ —2) = 1)x1 — (ko + 1)x3 — - - — (ko + 1) Xn11,

which is proportional to x if and only if kg is odd and 2¢ — 2 divides ko(¢ —2) — 1. Such an element
can be written as

(5.88) em = xy T @Y NgY A ATy,

for m € N, which contributes C((£ — 2 + (2¢ — 2)m)n) to HH" for

(5.89) t=20—4+ (M —-6m— (L —2+ (20 —2)m)n
since
1
(5.90) deg (2 @ay Aay A+ Az ) = 3 (20 —4—(L—1)n)x.

Similarly, for each m € N, there is an element €, contributing C((¢ — 2 + (2¢ — 2)m)n) to HH' for
(5.91) t=20—3+ (40 — 6)m — (£ — 2+ (20 — 2)m)n.

5.3.9. Now we move on to the case when Cxy ¢ V,. We divide it into three cases:
o Cx; CV,.

o Cxy ¢ V,and V, #0.
o V., =0.

5.3.10. Set ¢ := exp (27r\/—1/(2€ — 2)) . For a given v = (to,...,t,11) € ker x, we write t; = (P for
p€{0,...,2¢ —3}. Then one has t; = (—1), so that

e 1, contains Cx; if and only if p = 0, and

e V., contains Cx, if and only if p is even.

5.3.11. If Czy ¢ V, and Czy C V,, then one has that v = (—-1,1,1,—1,...,—1), n is even, and
V, = Cxz; ®© Cxy. The element

(5.92) PR ay ANy A ATy,

has degree

(5.93) (L=2)x1—Xo—X3— """ — Xn+1 =0,

so that it contributes C(—n) to HH' for ¢ = dim N, = n, and this is the only contribution.

5.3.12. It Cxy ¢ V,, Czy ¢ V,, and V, # 0, then V, is either V, = Cxy, Cxo ® --- ® Cxyyq, or
Cr3 @ -+ @ Cxyyq. No such v does not contribute to HH", since Jacy,, (X)AdimMN7v is spanned by a
single element, whose degree is not proportional to Y.

5.3.13. Omehas V, =0ifand only if t3 =+ =t,,11 = —1, t; = ¢*"™ for m € {0,...,¢ — 2}, and
(5.94) to = (—=1)"¢ 21 £ 1.
The number of such v is ¢ — 2 if £ is even and n is odd, and ¢ — 1 otherwise. Each such v contributes

C(—n) to HH".
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5.3.14.  To sum up, the Hochschild cohomology group has a basis consisting of the following elements:
® ay,, of degree 4k + (40 — 6)m — (2k + (2¢ — 2)m)n and weight —(2k + (2¢ — 2)m)n for
(k,m) € {0,...,0—2} x N,
® ay,, of degree 4k + 1+ (40 — 6)m — (2k + (20 — 2)m)n and weight —(2k + (2¢ — 2)m)n for
(k,m) € {0,...,0—2} x N,
e if nisodd, by, of degree 2k+20—3+4(4(—6)m— (k+{—1—(2(—2)m)n and weight —(k+{—1+
(20—2)m)n for {(k,m) € {0,...,20 =4} X Z | k+ ¢ is even and k + ¢ — 1 +m(2( — 2) > 0},
e if nis odd, By, of degree 2k+2(—2+4(4(—6)m — (k+{—1—(2{—2)m)n and weight —(k+{—
1—(20—2)m)n for {(k,m) € {0,...,20 —4} X Z | k + £ is even and k + £ +m(2( — 2) > 0},
e if /is even, ¢, of degree 20—4+(40—6)m— ({—2+(20—2)m)n and weight —({—24(20—2)m)n
for m € N,
e if /is even, 7,, of degree 20—3+(44—6)m— ({—24(2(—2)m)n and weight —({—2+(2(—2)m)n
for m € N,
e if ¢ is even and n is odd, d,, of degree —1 + (4¢ — 6)m — (—1 + (2¢ — 2)m)n and weight
—(=1+(2¢ —2)m)n for m € N\ {0},
e if / is even and n is odd, &, of degree (40 — 6)m — (—1 4 (2¢ — 2)m)n and weight —(—1 +
(20 — 2)m)n for m € N,
e if /is odd and n is even, e,, of degree 2¢ —4 4 (4¢ — 6)m — (¢ — 2 + (20 — 2)m)n and weight
—( =2+ (20 —2)m)n for m € N,
e if / is odd and n is even, €, of degree 20 — 3 4 (4¢ — 6)m — (¢ — 2+ (2¢ — 2)m)n and weight
—(0 =2+ (20 — 2)m)n for m € N, and
e s, of degree n and weight n, where h runs over a set consisting of
— ¢ — 2 elements if ¢ is even and n is odd,
— ¢ — 1 elements if both ¢ and n are odd, and
— ¢ elements otherwise.

5.4. Type Ejg. Consider the case

(5.95) w=x]+a5+a5+ - +a2, €Clrg, a1, .., Tpi1)
with
(5.96) T =Tw:={y="(to,t1,...,tup1) € (Gu)" | ti =13 =t5="-- =12 =tot1-Tps1},

so that ker x = g, X pug X ()" and Char(T') is generated by y and y; = dega; fori € {0,...,n+1}
with relations

(5.97) X=41=3x2=2x3 =" =2Xn+t1 = X0+ + Xn+1.
5.4.1. For any 7 € ker x, one has

Clag] CzoCVy {(C[xl] /@) CaicVy {cw /(22) Cay CV,

5.08)  Jacy,
(5.98) Aoy {c Czo g V, = |C Cay ¢ V.~ |C Cas ¢ V.

If we write an element of Jac,,, @AY™ N NY as

(5.99) aaV s @ xl Aay AL AT
where k; = 0 if Cx; ¢ V,, for i = 0,1, 2, then its degree is given by
(5.100) koxo + kix1 + kaxa — X5 — = Xy

which can be proportional to x only if V, N (Cx3 @ - - Cx,41) is either Cx3 & - - - @ Cxppyq or 0. We
will assume this condition for the rest of Section [5.4] and divide the analysis into the following three
cases:

o CxyCV,.
o Cxog V,and V, #0.
o V., =0.
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5.4.2. Since ty = 1 implies t, = 1 and t; = £1, one has the following:

e V., contains Cz if and only if either
- v=(1,...,1), Where%:V,

—v=(1, 1, 1, —1,...,—1) with odd n > 3, where V, = Czy @ Cz; @ Cuxy,
—v=(1,-1,1, 1 ..,—1) with even n, where V,, = Cxy @ Cux,.
5.4.3. One has V, =V if and only if v is the identity element. The degree of zhoh ke € Jacy, is
(5.101) kox — (ko — k1)x1 — (ko — k2)x2 — koxs — + -+ — koXn+1,

which is proportional to x if and only if

e 4 divides ky — ky and 3 divides kg — ko if n = 1, and
e 4 divides kg — kq, 3 divides ko — ko, and kg is even if n > 1.

Thus, for n = 1, we must have
(5.102) Bko + 3k + 4k = 12m
for m € N, in which case one has
(5.103) deg zfoah 2> = my.

For each m € N such that 5 1 m, the equation has a unique solution with (ky, ko) € {0, 1,2} x
{0,1} and if 5 | m, then there are precisely two contributions with (k1, k2) = (0,0) and (k1, k2) = (2,1)
such that (ki, ko, m) € {0,1,2} x {0,1} x N except if m = 0, then only (k1, k2) = (0,0) contributes.
Each such (ky, ky, m) contributes C(kon) to HH" and HH*"! for ¢ = 2m.

For n > 1, the condition that ky is even forces ky # 1, and the possible (ko, k1, k2) and t =

2 deg(xf0 x’flxg”)/x are given by

(K1, k2) ko t

(0,0) 12m 22m — 12mn

(0,1) 4+12m 8+22m— (44 12m)n
(2,0) 6+ 12m 12+22m — (6 + 12m)n
(2,1) 10+4+12m 20+ 22m — (10+ 12m)n

(5.104)

Y

for m € N. Each (ko, k1, k2) from (5.104)) contributes C(kon) to HH' and HH*"!.

5.4.4. One has V, = Cx¢ @ Cz; @ Cxy C V for v € ker x if and only if n is an odd integer greater

than or equal to 3 and v = (1,1,1,—1,...,—1). The degree of

(5.105) el el @ wy A Ay € Jacy, @A NN

is given by

(5.106) kox — (ko — k1)x1 — (ko — k2)x2 — (ko + 1)x3 — - - — (ko + 1)Xnt1,

which is proportional to y if and only if kg is odd, 4 divides ky — ki, and 3 divides kg — ko. This
forces k; = 1 and the possible (kg, k1, ko) and

(5.107) t =2deg(zgoa el @ oy A--- A, ))/x + dim N,

are given by

(k1, ko) ko t

(5.108) (1,0) 9+ 12m 17+ 22m — (9+ 12m)n
(1,1) 1412m 3+22m— (14 12m)n

for m € N. Each (ko, ki1, k) from (5.108) contributes C(kon) to HH" and HH"™'.
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5.4.5. One has V, = Czo @ Cx; if and only if n is even and v = (1,—1,1,—1,...,—1) € ker x. The
degree of

(5.109) I’goxlgz QY Axy A A IZ+1 € Jacy, ®AdimNWN,;/
is given by
(5.110) kox — (ko + 1)x1 — (ko — k2)x2 — (ko + 1)xz — - -+ — (ko + 1) Xna1,

which is proportional to x if and only if 4 divides ko + 1 and 3 divides ko — k2. The possible (ko, k2)
and

(5.111) t =2deg(vhoal> @ 2y Awy A+ Ax))/x + dim N,

are given by

ko ko t

(5.112) 0 3+12m 6+22m— (3+ 12m)n
1 74+ 12m 14+ 22m — (7+ 12m)n

for m € N. Each (ko, k2) from (5.112)) contributes C(kgn) to HH' and HH'**,

5.4.6. If V, = Cux, then one has

(5.113) deg (2" @ ag Azy A Az 1) =—Xo+kixi—X2— " — Xnt1
(5.114) = —x+ (k1 + 1)x1,

which is not proportional to x for any k; € {0,1,2}. Similarly, v with Czy ¢ V, and V, # 0 does
not contribute to HH™.

5.4.7. Onehas V, =0if and only if t; € (s \ {1}), t2 € (5 \ {1}), and t3 = --- , ;41 = —1, since
ty # 1 implies to = (—1)""'; ;" # 1. There are six such 7, and each of them contributes C(—n) to
HH".

5.5. Type E7. Consider the case

(5.115) w =2y + a2y +ay+ -+, € Clrg, 21, .., Tog]
with
(5.116) T =Ty :={v="(to,. . tn1) € (Gu)""* | tita =13 =15 = =t =ty tu1},

so that ker y = pg X (5)" " and Char(T') is generated by x and y; = dega; for i € {0,...,n+ 1}
with relations

(5.117) X=3x1+x2=3xX2=2X3 =" =2Xpt1 = X0+ + Xnt1-

These relations imply

(5.118) X2 = X — 3X1,

(5.119) 9x1 = 2X,

(5.120) XO=X— X1 — " — Xni1
(5.121) =2X1 = X3~ — Xn+1-
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5.5.1. For any v € ker x, the intersection V, N (Czy & Cxy) can be either Czy @ Cxy, Cxs, or 0,
where Jacy, is isomorphic to Clzy, xa]/(327xa, 27 + 323), Claa]/(323), or C respectively. A basis of
C['xl? xz]/(3$%$2a flf? + 31‘%) 18 given by {17 Iy, Qf%, '17:137 1.411’ T2, $1$2}‘

If we write an element of Jacy,, @A dim Ny NWv as

(5.122) el @l Azl AL AT

then its degree is given by

(5.123) Koxo + kixa +kaXe — X5 =+ — Xy

which can be proportional to x only if VN (Cxs @ -+ @ Cx,yq) is either Ca3 @ -+ - @ Caxppyq or 0. We
assume this condition for the rest of Section [5.5

5.5.2. For Y= (to, C n—i—l) € ker X, one has tl = t0t3 n+1 :l:to and t2 = totltg n+1 :]:totl,
so that the condition to = 1 implies t? = +1 and t2 = 4t;, which together with t3 = 1 imply
t1 =ty = 1. Hence one has Cxy C V, if and only if either V,, =V or V, = Czy & Cx; ® Cuxs.

5.5.3. Ome has V,, = V' if and only if v is the identity element. The degree of z xlflxé” € Jacy is
(5.124) ko(2x1 — X3 — -+ — Xn+1) + k1x1 + k2(x — 3x1)
(5.125) = kox + (2ko + k1 — 3k2)x1 — koxs — -+ — KkoXn+1,

which is proportional to y if and only if

e 9 divides 2]€0 + k?l — Bkg if n= 1, and
e 9 divides 2kg + k1 — 3ke and kg is even if n > 1.

For n =1, one has
(5.126) t = 2deg(zhoak 252) /x

4

The possible (kg, k1, ko) and t are given by

(K1, k2) ko t
(0,0) 9Im 8m
(1,0) 4+9m 448m
(5.128) (2,0) 8+9m 8+8m
(3,00 3+9m 4+48m
(4,0) 7T+9m 8+8m
(0,1) 6+9m 6+ 8m
(1,1) 1+9m 248m

for m € N. Each (ko, ki, ko) from (5.128) contributes C(kon) to HH" and HH"™'.

In addition, for the case (k1, k2) = (2,0), the element zy ® 2% corresponding to m = —1 in ([5.128))
has degree 0, and contributes C(—1) to HH'.

For n > 1, one has

(5.129) t = 2deg(zhoat 2%2) /x

4
(5.130) = 2ky + 5 (2ho + ky — Bka) — ko(n — 1).
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The possible (kg, k1, ko) and ¢ are given by

(K1, ko) ko t

(0,0) 18m 34m — 18mn

(1,0) 4+18m  8+434m — (44 18m)n
(5.131) (2,0) 8+ 18m 16+ 34m — (8 + 18m)n

(3,0) 12418m 24+ 34m — (12+ 18m)n

(4,0) 16+ 18m 32+ 34m — (16 + 18m)n

(0,1) 6+ 18m 12+ 34m — (6 + 18m)n

(1,1) 10+ 18m 20+ 34m — (10 + 18m)n

for m € N. Each (ko, ki, k) from (5.131]) contributes C(kon) to HH" and HH"™'.

5.5.4. For n > 1, in addition, one has V,, = Czy @ Cx; @ Cux, if and only if n is odd and v =
(1,1,1,—1,...,—1). The degree of

(5.132) 0TV s @y A A, € Jace, ®AdimN7N,¥

is given by

(5.133) ko(2X1 — X3 =+ = Xn+1) + Kixa + k(X —3x1) = X3 = — Xnt1
(5.134) = kox + (2ko + k1 — 3k2)x1 — (ko + 1)x3 — - - — (ko + 1)Xnt1,

which is proportional to y if and only if 9 divides 2k + k1 — 3k2 and kg is odd. The possible (ko, k1, k2)
and

(5.135) t = 2deg (zg°zy'ab> @ ay A+ Ax),y) /x +dim N,

are given by

(klv k2) kO t

(0,0) 9+ 18m 17+ 34m — (9+ 18m)n

(1,0) 13+18m 25+ 34m — (13 + 18m)n
(5.136) (2,0) 17+ 18m 33+ 34m — (17+ 18m)n

(3,0) 3+18m T7+34m — (3+ 18m)n

(4,0) 74+ 18m 154 34m — (74 18m)n

(0,1) 15+ 18m 29+ 34m — (15 + 18m)n

(1,1) 1+18m 3+434m — (14 18m)n

for m € N. Each (ko, k1, k2) from (5.136)) contributes C(kon) to HH' and HH*"!.
In addition, for the case (ki,ks) = (2,0), the element 2§ @ 23 ® x§ A --- Az, corresponding to
m = —1 in (5.136)) has degree 0, and contributes C(—n) to HH".

5.5.5. Ome has V, = 0 for v = (tg,...,tn41) € kerx if and only if t; € pg \ {1}, to =, # 1, and
ty = -+ =t,.1 = —1, in which case one has t; = (—1)""'#? # 1. The set {t; € g | £3 # 1} consists

of six elements, each of which contributes C(—n) to HH".

5.6. Type Ejg. Consider the case

(5.137) w=x]+as+a5+ -+, €Clrg, 21, .., Tpi1]
with
(5.138) F=Tw={7="lo,.. s tut1) € (Gu)"? | ] =3 =85 = =10, =totor1},

so that ker x = pus X g X (p5)" " and Char(T') is generated by y and y; = dega; fori € {0,...,n+1}
with relations

(5139) X:5X1:3X2:2X3::2Xn+1:X0++Xn+1
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5.6.1. If we write an element of Jacy, AT N NY as

(5.140) sl @l Az AL AT

then its degree is given by

(5.141) Koxo + kixa + kaXxa — X5 =+ — Xy

which can be proportional to x only if VN (Cxs @ --- @ Cx,yq) is either Cx3 @ -+ - @ Cxppyq or 0. We
assume this condition for the rest of Section [5.6l

5.6.2. Since t, = 1 implies t; = to = 1, one has Czy C V, if and only if either V, = V or
‘/7 = Cl‘o D (CZL‘l D CI‘Q.

5.6.3. Ome has V., = V if and only if v is the identity element. The degree of z; xlflxgz € Jacy is

(5.142) kox — (ko — k1)x1 — (ko — k2)x2 — koxs — -+ — KoXn+t1,
which is proportional to y if and only if

e 5 divides kg — k1 and 3 divides kg — ko if n = 1, and
e 5 divides kg — kq, 3 divides ko — ko, and kg is even if n > 1.

For n = 1, we must have
(5.143) Tko + 3k1 + 5ky = 15m
for m € N, in which case one has
(5.144) t == 2deg (z(0a)'a5?) /x = 2m.

For each m € N such that 7 { m, the equation has a unique solution with (ky, k) € {0,1,2,3} x

{0,1} and if 7 | m, then there are precisely two contributions with (kq, k2) = (0,0) and (kq, ko) = (3,1)

such that (ki, ko, m) € {0,1,2,3} x {0, 1} x N except if m = 0, then only (k1, k2) = (0,0) contributes.
For n > 1, we must have

(5.145) Tko + 3k1 + kg = 15m

for m € N, and in addition ky must be in 2N. Thus, we can re-write as
(5.146) ko = 6ky + 10ks + 30m/

with m’ = ko/2 — m. One has

(5.147) t = 2deg (vai zh?) /x

(5.148) = 12k + 20kq + 58m’ — (6k1 + 10ky + 30m/)n.

Each (ky, ky,m') € {0,1,2,3} x {0,1} x N contributes C(kon) to HH" and HH"™'.

5.6.4. If n > 1, in addition, one has V, = Cxy ® Cx; © Cuxy if and only if n is odd and v =
(1,1,1,—1,...,—1). The degree of

(5.149) eV ah @ ay A Al € Jacy, @A NN

is

(5.150) kox — (ko — ki)x1 — (ko — k2)x2 — (ko + 1)xz — == — (ko + 1)Xn+1,
which is proportional to y if and only if

(5.151) 14k + 6k1 + 10ky = 30m

for m € Z and in addition we must have ky odd. Thus, again we can rewrite as
(5.152) ko = 15 + 6k; + 10ky + 30m/
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where m' = (kg — 1)/2 — m. One has

(5.153)
(5.154)

(5.155)

t:=2deg (x’goxlflx’;"’ Qxy Ao A xXH) /x + dim N,

=2 (ko §ho— k)~ 5h— k) — Hka + Dn = 1) + (2= 1)

= 29 + 12k + 20k, + 58m’ — (15 + 6ky + 10ks + 30m/)n

Each (kyi, ke, m’) € {0,1,2,3} x {0,1} x Z such that

(5.156)

15 + 6k; + 10ky + 30m’ >0

contributes C(kon) to HH' and HH"**,

5.6.5. Anelement vy = (to,...,t,41) € ker y satisfies V,, = O if and only if t; € ps\ {1}, t2 € 5\ {1},
ty =+ =ty = —1, and tyg = (—=1)""1(t1¢5)"!. There are eight such elements, each of which
contributes C(—n) to HH".
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